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Prghov dqg Uhodwlrqv lq Hfrqrplfv dqg
Hfrqrphwulfv
Ndwdulqd Mxvholxv
Lqvwlwxwh ri Hfrqrplfv
Xqlyhuvlw| ri Frshqkdjhq
Ghqpdun
dqg
Hfrqrplfv Ghsduwphqw
Hxurshdq Xqlyhuvlw| Lqvwlwxwh
Lwdo|
Dsulo 47/ 4<<<
Devwudfw
Edvhg rq d prqh| pdunhw dqdo|vlv wkh sdshu glvfxvvhv srvvleoh slwidoov
lq pdfurhfrqrplf lqihuhqfh uhodwhg wr lqdghtxdwh vwrfkdvwlf prgho irupx0
odwlrq1 D qxpehu ri txhvwlrqv uhodwhg wr frqfhswv vxfk dv hpslulfdo dqg
wkhruhwlfdo vwhdg|0vwdwhv/ vshhg ri dgmxvwphqw/ ihhg0edfn dqg lqwhudfwlrq
hhfwv/ dqg gulylqj irufhv duh dgguhvvhg zlwklq wkh iudphzrun ri wkh frlqwh0
judwhg YDU prgho1 Wkh hfrqrplf qrwlrq ri dqwlflsdwhg dqg xqdqwlflsdwhg
vkrfnv wr d v|vwhp lv glvfxvvhg iurp dq hfrqrphwulf srlqw ri ylhz1
Nh|zrugv= L+5,/ sulfh krprjhqhlw|/ prqh| pdunhw/ Frlqwhjudwhg YDU
41 Lqwurgxfwlrq4
Hpslulfdo pdfurhfrqrplf prghov edvhg rq d suredelolw| dssurdfk +Kddyhopr/
4<76, h{solflwo| vwduwv iurp d vwrfkdvwlf irupxodwlrq ri wkh fkrvhq gdwd1 Ehfdxvh
prvw pdfurhfrqrplf gdwd h{klelw vwurqj wlph ghshqghqfh/ lw lv qdwxudo wr irupx0
odwh wkh hpslulfdo prgho lq whupv ri wlph ghshqghqw vwrfkdvwlf surfhvvhv1 Zlwklq
wklv idplo| wkh yhfwru dxwruhjuhvvlyh +T -, surfhvv edvhg rq Jdxvvldq huuruv kdv
vkrzq wr eh d srsxodu fkrlfh1 Wkhuh duh pdq| uhdvrqv iru wklv= wkh YDU prgho lv
 h{leoh/ hdv| wr hvwlpdwh/ dqg lw xvxdoo| jlyhv d jrrg w wr pdfurhfrqrplf gdwd1
Krzhyhu/ wkh srvvlelolw| ri frpelqlqj orqj0uxq dqg vkruw0uxq lqirupdwlrq lq wkh
gdwd e| h{sorlwlqj wkh frlqwhjudwlrq surshuw| lv suredeo| wkh prvw lpsruwdqw uhd0
vrq zk| wkh frlqwhjudwhg T - prgho frqwlqxhv wr uhfhlyh wkh lqwhuhvw ri erwk
hfrqrphwulfldqv dqg dssolhg hfrqrplvwv1
Wkhruhwlfdo hfrqrplf prghov/ rq wkh rwkhu kdqg/ kdyh wudglwlrqdoo| ehhq gh0
yhorshg dv qrq0vwrfkdvwlf pdwkhpdwlfdo hqwlwlhv dqg dssolhg wr hpslulfdo gdwd e|
dgglqj d vwrfkdvwlf huuru surfhvv wr wkh pdwkhpdwlfdo prgho1 Dv dq h{dpsoh ri
wklv dssurdfk L zloo xvh wkh pdfurhfrqrplf wuhdwphqw lq Lq dwlrq dqg Prqhwdu|
Srolf|/ Fkdswhu < lq G1 Urphu +4<<9,= Dgydqfhg Pdfurhfrqrplfv1
Iurp dq hfrqrphwulf srlqw ri ylhz wkh wzr dssurdfkhv duh ixqgdphqwdoo|
glhuhqw= rqh vwduwlqj iurp dq h{solflw vwrfkdvwlf irupxodwlrq ri doo gdwd dqg wkhq
uhgxflqj wkh jhqhudo vwdwlvwlfdo +g|qdplf, prgho e| lpsrvlqj whvwdeoh uhvwulfwlrqv
rq wkh sdudphwhuv/ wkh rwkhu vwduwlqj iurp d pdwkhpdwlfdo +vwdwlf, irupxodwlrq ri d
wkhruhwlfdo prgho dqg wkhq h{sdqglqj wkh prgho e| dgglqj vwrfkdvwlf frpsrqhqwv1
Iru d ghwdlohg phwkrgrorjlfdo glvfxvvlrq ri wkh wzr dssurdfkhv/ vhh iru h{dpsoh
Jloehuw +4<;9,/ Khqgu| +4<<8,/ Mxvholxv +4<<6,/ dqg Sdjdq +4<;:,1
Xqiruwxqdwho|/ wkh wzr dssurdfkhv kdyh vkrzq wr surgxfh yhu| glhuhqw uh0
vxowv hyhq zkhq dssolhg wr lghqwlfdo gdwd dqg/ khqfh/ glhuhqw frqfoxvlrqv1 Iurp
d vflhqwlf srlqw ri ylhz wklv lv qrw vdwlvidfwru|1 Wkhuhiruh/ L zloo dwwhpsw wr
eulgjh wkh jds ehwzhhq wkh wzr ylhzv e| vwduwlqj iurp vrph w|slfdo txhvwlrqv ri
wkhruhwlfdo lqwhuhvw dqg wkhq vkrz krz rqh zrxog dqvzhu wkhvh txhvwlrqv edvhg
rq d vwdwlvwlfdo dqdo|vlv ri wkh T - prgho1 Ehfdxvh wkh odwwhu e| frqvwuxfwlrq
lv eljjhu wkdq wkh wkhru| prgho/ wkh hpslulfdo dqdo|vlv qrw rqo| dqvzhuv d vsh0
flf wkhruhwlfdo txhvwlrq/ exw dovr jlyhv dgglwlrqdo lqvljkw lqwr wkh pdfurhfrqrplf
4
Wklv sdshu kdv ehqhwwhg iurp xvhixo frpphqwv e| Fduor Idyhur/ Nhylq Krryhu/ Vûuhq
Mrkdqvhq/ Dguldq Sdjdq/ dqg wkh sduwlflsdqwv dw wkh frqihuhqfh Wkhru| dqg Hylghqfh lq
Pdfurhfrqrplfv lq Ehujdpr1 Ilqdqfldo vxssruw iurp wkh Mrlqw Frpplwwhh ri wkh Qruglf
Vrfldo Vflhqfhv Uhvhdufk Frxqflo lv judwhixoo| dfnqrzohgjhg1
4
sureohp1
D wkhru| prgho fdq eh vlpsolhg e| wkh fhwhulv sdulexv dvvxpswlrqv hyhu|0
wklqj hovh xqfkdqjhg/ zkhuhdv d vwdwlvwlfdoo| zhoo0vshflhg hpslulfdo prgho kdv
wr dgguhvv wkh wkhruhwlfdo sureohp lq wkh frqwh{w ri hyhu|wklqj hovh fkdqjlqj1
E| hpehgglqj wkh wkhru| prgho lq d eurdghu hpslulfdo iudphzrun/ wkh dqdo|vlv ri
wkh vwdwlvwlfdoo| edvhg prgho fdq surylgh hylghqfh ri srvvleoh slwidoov lq pdfurhfr0
qrplf uhdvrqlqj1 Lq wklv vhqvh wkh T - dqdo|vlv fdq eh xvhixo iru jhqhudwlqj qhz
k|srwkhvhv/ ru iru vxjjhvwlqj prglfdwlrqv ri wrr qduurzo| vshflhg wkhruhwlfdo
prghov1 Dv d frqylqflqj looxvwudwlrq vhh Krpdq +4<<<,1
Doo wkurxjk wkh sdshu L zloo dgguhvv txhvwlrqv ri hpslulfdo uhohydqfh iru wkh
dqdo|vlv ri prqhwdu| lq dwlrq dqg iru wkh wudqvplvvlrq phfkdqlvpv ri prqhwdu|
srolf|1 Wkhvh txhvwlrqv kdyh ehhq prwlydwhg e| pdq| hpslulfdo T - dqdo|vhv ri
prqh|/ sulfhv/ lqfrph/ dqg lqwhuhvw udwhv dqg lqfoxgh txhvwlrqv vxfk dv=
 Krz hhfwlyh lv prqhwdu| srolf| zkhq edvhg rq fkdqjhv lq prqh| vwrfn ru
fkdqjhv lq lqwhuhvw udwhvB
 Zkdw lv wkh hhfw ri h{sdqglqj prqh| vxsso| rq sulfhv lq wkh vkruw uxqB lq
wkh phglxp uxqB lq wkh orqj uxqB
 Lv dq hpslulfdoo| vwdeoh ghpdqg iru prqh| uhodwlrq d suhuhtxlvlwh iru prqh0
wdu| srolf| frqwuro wr eh hhfwlyhB
 Krz vwurqj lv wkh gluhfw +lqgluhfw, uhodwlrqvkls ehwzhhq d prqhwdu| srolf|
lqvwuxphqw dqg sulfh lq dwlrqB
Edvhg rq wkh T - irupxodwlrq L zloo ghprqvwudwh wkdw hyhu| hpslulfdo vwdwh0
phqw fdq/ dqg vkrxog/ eh fkhfnhg iru lwv frqvlvwhqf| zlwk doo suhylrxv hpslulfdo
dqg wkhruhwlfdo vwdwhphqwv1 Wklv lv lq frqwudvw wr pdq| hpslulfdo lqyhvwljdwlrqv/
zkhuh lqihuhqfh uholhv rq pdq| xqwhvwhg dvvxpswlrqv xvlqj whvw surfhgxuhv wkdw
rqo| pdnh vhqvh lq lvrodwlrq/ exw qrw lq wkh ixoo frqwh{w ri wkh hpslulfdo prgho1
Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv= Lq Vhfwlrq 5 L eulh | frqvlghu
wkh ri wuhdwphqw ri lq dwlrq dqg prqhwdu| srolf| lq Urphu +4<<9, zlwk vshfldo
uhihuhqfh wr wkh htxloleulxp lq wkh prqh| pdunhw1 L glvfxvv wkh sureohp ri lq0
yhuwlqj dq htxloleulxp prqh| ghpdqg uhodwlrq wr jhw d sulfh uhodwlrq zkhq wkh
prgho lv vwrfkdvwlf1 Vhfwlrq 6 glvfxvvhv lqirupdoo| vrph hpslulfdo dqg wkhruhwlfdo
lpsolfdwlrqv ri xqlw urrwv lq wkh gdwd dqg Vhfwlrq 7 dgguhvvhv pruh irupdoo| d
vwrfkdvwlf irupxodwlrq edvhg rq d ghfrpsrvlwlrq ri wkh gdwd lqwr wuhqgv/ f|fohv/
dqg luuhjxodu frpsrqhqwv1 Vhfwlrq 714 jlyhv dq hpslulfdo prwlydwlrq iru wuhdwlqj
wkh vwrfkdvwlf wuhqg lq qrplqdo sulfhv dv UE2c dqg Vhfwlrq 715 dv UE1 Wkh frq0
vhtxhqfhv ri hlwkhu fkrlfh lv vshow rxw dqg wkh lpsolfdwlrqv iru whvwlqj orqj0uxq
dqg phglxp0uxq sulfh krprjhqhlw| duh glvfxvvhg1 Vhfwlrq 8 lqwurgxfhv wkh T -
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prgho dqg ghqhv wkh UE2 dqg UE prghov dv sdudphwhu uhvwulfwlrqv rq wkh jhq0
hudo prgho1 Vhfwlrq 9 glvfxvvhv wkh fkrlfh ri frlqwhjudwlrq udqn jlyhq d sulrul
hfrqrplf nqrzohgjh1 Vhfwlrq : glvfxvvhv mxvw0 dqg ryhu0lghqwli|lqj uhvwulfwlrqv rq
wkh orqj0uxq sdudphwhuv dqg jlyhv h{dpsohv ri uhvwulfwlrqv zklfk duh frqvlvwhqw
zlwk +l, uhdo dqg qrplqdo vhsdudwlrq dqg +ll, uhdo dqg qrplqdo lqwhudfwlrqv lq
wkh hfrqrp|1 Vhfwlrq ; glvfxvvhv lghqwlfdwlrq ri frpprq gulylqj wuhqgv iurp
d vwdwlvwlfdo dqg hfrqrplf srlqw ri ylhz1 Wkh srvvlelolw| ri lghqwli|lqj dqg hvwl0
pdwlqj hfrqrplf vkrfnv edvhg rq hvwlpdwhg uhvlgxdov lv glvfxvvhg dw vrph ohqjwk1
Vhfwlrq < wuhdwv lghqwlfdwlrq ri wkh vkruw0uxq dgmxvwphqw sdudphwhuv jlyhq dq
lghqwlhg orqj0uxq vwuxfwxuh dqg glvfxvvhv vrph txhvwlrqv uhohydqw iru prqhwdu|
srolf|1 Vhfwlrq 44 vxppdul}hv dqg frqfoxghv1
51 Lq dwlrq dqg prqh| jurzwk
D ixqgdphqwdo sursrvlwlrq lq pdfurhfrqrplf wkhru| lv wkdw jurzwk lq prqh|
vxsso| lq h{fhvv ri uhdo surgxfwlyh jurzwk lv wkh fdxvh ri lq dwlrq/ dw ohdvw lq wkh
orqj uxq1 L zloo frqvlghu eulh | vrph frqyhqwlrqdo lghdv xqghuo|lqj wklv eholhi dv
ghvfulehg lq Fkdswhu < e| Urphu +4<<9,1
Wkh zhoo0nqrzq gldjudp looxvwudwlqj wkh lqwhuvhfwlrq ri djjuhjdwh ghpdqg dqg
djjuhjdwh vxsso| surylghv wkh iudphzrun iru lghqwli|lqj srwhqwldo vrxufhv ri lq0
 dwlrq dv vkrfnv vkliwlqj hlwkhu djjuhjdwh ghpdqg xszdugv ru djjuhjdwh vxsso|
wr wkh ohiw1 Vhh wkh xsshu sdqho ri Iljxuh 5141
Dv h{dpsohv ri djjuhjdwh vxsso| vkrfnv wkdw vkliw wkh 7 fxuyh wr wkh ohiw
Urphu +4<<9, phqwlrqv> qhjdwlyh whfkqrorj| vkrfnv/ grzqzdug vkliwv lq oderu
vxsso|/ xszdugo| vnhzhg uhodwlyh0frvw vkrfnv1 Dv h{dpsohv ri djjuhjdwh ghpdqg
vkrfnv wkdw vkliw wkh ( fxuyh wr wkh uljkw kh phqwlrqv> lqfuhdvhv lq prqh|
vwrfn/ grzqzdug vkliwv lq prqh| ghpdqg/ lqfuhdvhv lq jryhuqphqw sxufkdvhv1
Vlqfh doo wkhvh w|shv ri vkrfnv/ dqg pdq| rwkhuv/ rffxu txlwh iuhtxhqwo| wkhuh duh
pdq| idfwruv wkdw srwhqwldoo| fdq dhfw lq dwlrq1 Vrph ri wkhvh vkrfnv pd| rqo|
lq xhqfh lq dwlrq whpsrudulo| dqg duh/ wkhuhiruh/ ohvv lpsruwdqw wkdq vkrfnv zlwk
d shupdqhqw hhfw rq lq dwlrq1 Dprqj wkh odwwhu hfrqrplvwv xvxdoo| hpskdvl}h
fkdqjhv lq prqh| vxsso| dv wkh fuxfldo lq dwlrqdu| vrxufh1 Wkh hfrqrplf lqwxlwlrq
ehklqg wklv lv wkdw rwkhu idfwruv duh olplwhg lq vfrsh/ zkhuhdv prqh| lq sulqflsoh
lv xqolplwhg lq vxsso|1
Pruh irupdoo| wkh uhdvrqlqj lv edvhg rq prqh| ghpdqg dqg vxsso| dqg wkh
frqglwlrq iru htxloleulxp lq wkh prqh| pdunhw=
6
* ’ uE-c t c u- 	 fc u+ : f +514,
zkhuh  lv wkh prqh| vwrfn/  lv wkh sulfh ohyho/ - wkh qrplqdo lqwhuhvw udwh/
t uhdo lqfrph/ dqg uE wkh ghpdqg iru uhdo prqh| edodqfhv1 Edvhg rq wkh
htxloleulxp frqglwlrq/ l1h1 qr fkdqjhv lq dq| ri wkh yduldeohv/ Urphu +4<<9,
frqfoxghv wkdw wkh sulfh ohyho lv ghwhuplqhg e|=
 ’*uE-c t  +515,
Wkh htxloleulxp frqglwlrq +514, dqg/ khqfh +515,/ lv d vwdwlf frqfhsw wkdw fdq eh
wkrxjkw ri dv d k|srwkhwlfdo uhodwlrq ehwzhhq prqh| dqg sulfhv iru {hg lqfrph
dqg lqwhuhvw udwh1 Wkh xqghuo|lqj frpsdudwlyh vwdwlf dqdo|vlv lqyhvwljdwhv wkh
hhfw rq rqh yduldeoh/ vd| sulfh/ zkhq fkdqjlqj dqrwkhu yduldeoh/ vd| prqh|
vxsso|/ zlwk wkh sxusrvh ri ghulylqj wkh qhz htxloleulxp srvlwlrq diwhu wkh fkdqjh1
Wkxv/ wkh irfxv lv rq wkh k|srwkhwlfdo hhfw ri d fkdqjh lq rqh yduldeoh + rq
dqrwkhu yduldeoh + c zkhq wkh dgglwlrqdo yduldeohv +- dqg t  duh h{rjhqrxvo|
jlyhq dqg hyhu|wklqj hovh lv wdnhq dffrxqw ri e| wkh fhwhulv sdulexv dvvxpswlrq1
Krzhyhu/ zkhq wlph lv lqwurgxfhg wkh fhwhulv sdulexv dvvxpswlrq dqg wkh
dvvxpswlrq ri {hg h{rjhqrxv yduldeohv ehfrph pxfk pruh txhvwlrqdeoh1 Qhlwkhu
lqwhuhvw udwhv qru uhdo lqfrph kdyh ehhq {hg ru frqwuroohg lq prvw shulrgv vxemhfw
wr hpslulfdo dqdo|vlv1 Wkhuhiruh/ lq hpslulfdo pdfurhfrqrplf dqdo|vlv doo yduldeohv
+lqfoxvlyh wkh fhwhulv sdulexv rqhv, duh pruh ru ohvv frqwlqxrxvo| vxemhfw wr vkrfnv/
vrph ri zklfk shupdqhqwo| fkdqjh wkh suhylrxv htxloleulxp frqglwlrq1 Lq wklv
vhqvh dq htxloleulxp srvlwlrq lv dq lqkhuhqwo| wlph ghshqghqw frqfhsw lq hpslulfdo
prghoolqj1 Khqfh/ wkh vwdwlf htxloleulxp frqfhsw kdv wr eh uhsodfhg e| d g|qdplf
frqfhsw/ iru lqvwdqfh d vwhdg|0vwdwh srvlwlrq1 Iru dq htxloleulxp uhodwlrq wlph lv
luuhohydqw1 Glvfxvvlqj d vwhdg|0vwdwh uhodwlrq zlwkrxw d wlph lqgh{ lv phdqlqjohvv1
Lq d w|slfdo pdfurhfrqrplf v|vwhp qhz glvwxuedqfhv sxvk wkh yduldeohv dzd|
iurp vwhdg|0vwdwh/ exw wkh hfrqrplf dgmxvwphqw irufhv sxoo wkhp edfn wrzdugv d
qhz vwhdg|0vwdwh srvlwlrq1 Wkh dgmxvwphqw edfn wr vwhdg|0vwdwh lv glvwxuehg e|
qhz vkrfnv dqg wkh v|vwhp hvvhqwldoo| qhyhu frphv wr uhvw1 Wkhuhiruh/ zh zloo
qrw eh deoh wr revhuyh d vwhdg|0vwdwh srvlwlrq dqg wkh hpslulfdo lqyhvwljdwlrq kdv
wr dffrxqw iru wkh vwrfkdvwlf surshuwlhv ri wkh yduldeohv dv zhoo dv wkh wkhruhwlfdo
htxloleulxp uhodwlrqvkls ehwzhhq wkhp1 Vhh wkh orzhu sdqho ri Iljxuh 514 iru dq
looxvwudwlrq ri d vwrfkdvwlf vwhdg|0vwdwh uhodwlrq1
Lq +514, wkh prqh| pdunhw htxloleulxp lv dq h{dfw pdwkhpdwlfdo h{suhvvlrq
dqg lw lv vwudljkwiruzdug wr lqyhuw lw wr ghwhuplqh sulfhv dv lv grqh lq +515,1 Wkh
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.1 Deviations from money steady-state:
m-p-y-14(Rm-Rb)
Iljxuh 514= Dq htxloleulxp srvlwlrq ri wkh ( dqg 7 fxuyh +xsshu sdqho, dqg
ghyldwlrqv iurp dq hvwlpdwhg prqh| ghpdqg uhodwlrq iru Ghqpdun= E6R+|
eE-6  -K +orzhu sdqho,1
revhuydwlrqv iurp d w|slfdo pdfurhfrqrplf v|vwhp lv dghtxdwho| ghvfulehg e| d
vwrfkdvwlf yhfwru wlph vhulhv surfhvv1 Exw lq vwrfkdvwlf v|vwhpv/ lqyhuvlrq ri +514,
lv qr orqjhu jxdudqwhhg +vhh iru lqvwdqfh Khqgu| dqg Hulfvvrq/ 4<<4, dqg lv olnho|
wr uhvxow lq plvohdglqj frqfoxvlrqv1
Ehfdxvh wkh revhuyhg prqh| vwrfn lv qrw d phdvxuhphqw ri dq htxloleulxp
srvlwlrq lw fdq eh ghpdqg ru vxsso| ghwhuplqhg ru erwk1 Wklv udlvhv wkh txhv0
wlrq zkhwkhu lw lv srvvleoh wr hpslulfdoo| lghqwli| dqg hvwlpdwh wkh xqghuo|lqj
wkhruhwlfdo uhodwlrqv1 Iru lqvwdqfh/ li fhqwudo edqnv duh deoh wr hhfwlyho| frqwuro
prqh| vwrfn/ wkhq revhuyhg prqh| kroglqjv duh olnho| wr eh vxsso| ghwhuplqhg
dqg wkh ghpdqg iru prqh| kdv wr dgmxvw wr wkh vxssolhg txdqwlwlhv1 Wklv lv pruh
olnho| wr eh wkh fdvh lq wudgh dqg fdslwdo uhjxodwhg hfrqrplhv ru lq hfrqrplhv
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zlwk zlwk  h{leoh h{fkdqjh udwhv/ zkhuhdv lq rshq ghuhjxodwhg hfrqrplhv zlwk
{hg h{fkdqjh udwhv fhqwudo edqnv zrxog qrw lq jhqhudo eh deoh wr frqwuro prqh|
vwrfn1 Lq wkh odwwhu fdvh rqh zrxog h{shfw revhuyhg prqh| vwrfn wr eh ghpdqg
ghwhuplqhg1
Jlyhq wkdw wkh prqh| ghpdqg uhodwlrq fdq eh hpslulfdoo| lghqwlhg/ wkh vwd0
wlvwlfdo hvwlpdwlrq sureohp kdv wr eh dgguhvvhg1 Ehfdxvh pdfurhfrqrplf ydul0
deohv duh jhqhudoo| irxqg wr eh qrqvwdwlrqdu|/ vwdqgdug uhjuhvvlrq phwkrgv duh qr
orqjhu ihdvleoh iurp dq hfrqrphwulf srlqw ri ylhz1 Exw vlqfh frlqwhjudwlrq dqdo0
|vlv vshflfdoo| dgguhvvhv wkh qrqvwdwlrqdulw| sureohp/ lw lv d ihdvleoh vroxwlrq lq
wklv uhvshfw1 Wkh hpslulfdo frxqwhusduw ri +514, fdq eh zulwwhq dv d frlqwhjudwlqj
uhodwlrq/ l1h1=
E* |  uE-|c t| ’ | +516,
zkhuh | lv d vwdwlrqdu| surfhvv phdvxulqj wkh ghyldwlrq iurp wkh vwhdg|0vwdwh
srvlwlrq dw wlph |1 Wkh vwdwlrqdulw| ri | lpsolhv wkdw zkhqhyhu wkh v|vwhp kdv
ehhq vkrfnhg lw zloo dgmxvw edfn wr htxloleulxp1 Wklv lv looxvwudwhg lq Iljxuh 514
+orzhu sdqho, zkhuh wkh ghyldwlrqv iurp dq hvwlpdwhg prqh| ghpdqg uhodwlrq
edvhg rq Gdqlvk gdwd +Mxvholxv/ 4<<;e, lv judskhg1 Qrwh wkh odujh htxloleulxp
huuru dw derxw 4<;6/ dv d uhvxow ri uhprylqj uhvwulfwlrqv rq fdslwdo pryhphqwv dqg
wkh frqvhtxhqw dgmxvwphqw edfn wr vwhdg|0vwdwh1
Krzhyhu/ hpslulfdo lqyhvwljdwlrq ri +516, edvhg rq frlqwhjudwlrq dqdo|vlv srvhv
vhyhudo dgglwlrqdo sureohpv1 Dowkrxjk lq d wkhruhwlfdo h{huflvh lw lv vwudljkwiru0
zdug wr nhhs vrph ri wkh yduldeohv {hg +wkh h{rjhqrxv yduldeohv,/ lq dq hpslulfdo
prgho qrqh ri wkh yduldeohv lq +514,/ l1h1 prqh|/ sulfhv/ lqfrph ru lqwhuhvw udwhv/
fdq eh dvvxphg wr eh {hg +l1h1 frqwuroohg,1 Wkh vwrfkdvwlf ihdwxuh ri doo yduldeohv
lpsolhv wkdw wkh htxloleulxp dgmxvwphqw fdq wdnh sodfh lq hlwkhu prqh|/ sulfhv/
lqfrph ru lqwhuhvw udwhv1 Wkhuhiruh/ wkh htxloleulxp ghyldwlrq | lv qrw qhfhvvdulo|
gxh wr d prqh| vxsso| vkrfn dw wlph |/ exw fdq ruljlqdwh iurp dq| fkdqjh lq wkh
yduldeohv1 Khqfh/ lw lv qr orqjhu srvvleoh wr lqwhusuhw d frh!flhqw lq d frlqwhjudwlqj
uhodwlrq dv lq wkh frqyhqwlrqdo uhjuhvvlrq frqwh{w/ zklfk lv edvhg rq wkh dvvxps0
wlrq ri {hg uhjuhvvruv1 Lq pxowlyduldwh frlqwhjudwlrq dqdo|vlv doo yduldeohv duh
vwrfkdvwlf dqg d vkrfn wr rqh yduldeoh lv wudqvplwwhg wr doo rwkhu yduldeohv yld wkh
g|qdplfv ri wkh v|vwhp xqwlo wkh v|vwhp kdv irxqg lwv qhz htxloleulxp srvlwlrq1
Wkh hpslulfdo lqyhvwljdwlrq ri wkh deryh txhvwlrqv udlvhv vhyhudo hfrqrphwulf
txhvwlrqv=
Zkdw lv wkh phdqlqj ri d vkrfn dqg krz gr zh phdvxuh lw hfrqrphwulfdoo|B
Krz gr zh glvwlqjxlvk hpslulfdoo| ehwzhhq wkh orqj uxq/ wkh phglxp uxq dqg
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wkh vkruw uxqB Jlyhq wkh phdvxuhphqwv fdq wkh sdudphwhu hvwlpdwhv eh jlyhq
dq hfrqrplfdoo| phdqlqjixo lqwhusuhwdwlrqB Wkhvh txhvwlrqv zloo eh glvfxvvhg lq
pruh ghwdlo lq wkh vxevhtxhqw vhfwlrqv1
61 Wkh wlph ghshqghqfh ri pdfur gdwd
Dv dgyrfdwhg deryh/ wkh vwurqj wlph ghshqghqfh ri pdfurhfrqrplf gdwd vxjjhvwv
d vwdwlvwlfdo irupxodwlrq edvhg rq vwrfkdvwlf surfhvvhv1 Lq wklv frqwh{w lw lv xvhixo
wr glvwlqjxlvk ehwzhhq=
 vwdwlrqdu| yduldeohv zlwk d vkruw wlph ghshqghqfh dqg
 qrqvwdwlrqdu| yduldeohv zlwk d orqj wlph ghshqghqfh1
Lq sudfwlvh/ zh fodvvli| yduldeohv h{klelwlqj d kljk ghjuhh ri wlph shuvlvwhqfh
+lqvljqlfdqw phdq uhyhuvlrq, dv qrqvwdwlrqdu| dqg yduldeohv h{klelwlqj d vljql0
fdqw whqghqf| wr phdq uhyhuvlrq dv vwdwlrqdu|1 Krzhyhu L zloo dujxh wkdw wkh vwd0
wlrqdulw|2qrqvwdwlrqdulw| ru/ dowhuqdwlyho|/ wkh rughu ri lqwhjudwlrq ri d yduldeoh/
lv qrw lq jhqhudo d surshuw| ri dq hfrqrplf yduldeoh exw d frqyhqlhqw vwdwlvwlfdo
dssur{lpdwlrq wr glvwlqjxlvk ehwzhhq wkh vkruw0uxq/ phglxp0uxq/ dqg orqj0uxq
yduldwlrq lq wkh gdwd1 L zloo looxvwudwh wklv zlwk d ihz h{dpsohv lqyroylqj prqh|/
sulfhv/ lqfrph/ dqg lqwhuhvw udwhv1
Prvw frxqwulhv kdyh h{klelwhg shulrgv ri kljk dqg orz lq dwlrq/ odvwlqj vrph0
wlphv d ghfdgh ru hyhq pruh/ diwhu zklfk wkh lq dwlrq udwh kdv uhwxuqhg wr lwv
phdq ohyho1 Li lq dwlrq furvvhv lwv phdq ohyho/ vd| whq wlphv/ wkh hfrqrphwulf
dqdo|vlv zloo qg vljqlfdqw phdq uhyhuvlrq dqg khqfh frqfoxgh wkdw lq dwlrq
udwh lv vwdwlrqdu|1 Iru wklv wr kdsshq zh pljkw qhhg xs wr kxqguhg |hduv ri re0
vhuydwlrqv1 Wkh wlph sdwk ri/ iru h{dpsoh/ txduwhuo| Hxurshdq lq dwlrq ryhu wkh
odvw ihz ghfdghv zloo fryhu d kljk lq dwlrq shulrg lq wkh vhyhqwlhv dqg ehjlqqlqj
ri wkh hljkwlhv dqg d orz lq dwlrq shulrg iurp plg0hljkwlhv xqwlo wkh suhvhqw gdwh1
Furvvlqj wkh phdq ohyho d ihz wlphv lv qrw hqrxjk wr rewdlq vwdwlvwlfdoo| vljqlfdqw
phdq uhyhuvlrq dqg wkh hfrqrphwulf dqdo|vlv zloo vkrz wkdw lq dwlrq vkrxog eh
wuhdwhg dv qrqvwdwlrqdu|1 Wklv lv looxvwudwhg lq Iljxuh 6141 zkhuh |hduo| revhuyd0
wlrqv ri wkh Gdqlvk lq dwlrq udwh kdv ehhq judskhg iru 4<3404<<5 +xsshu sdqho,/
iru 4<7804<<5 +plggoh sdqho,/ dqg 4<:804<<5 +orzhu sdqho,1 Wkh uvw wzr wlph
vhulhv ri lq dwlrq udwhv orrn phdq0uhyhuwlqj +wkrxjk qrw wr }hur phdq lq dwlrq,/
zkhuhdv vljqlfdqw phdq0uhyhuvlrq zrxog qrw eh irxqg iru wkh odvw vhfwlrq ri wkh
vhulhv1
Wkdw lq dwlrq lv frqvlghuhg vwdwlrqdu| lq rqh vwxg| dqg qrqvwdwlrqdu| lq dq0
rwkhu/ zkhuh wkh odwwhu lv edvhg/ vd|/ rq d vxe0vdpsoh ri wkh iruphu pljkw vhhp
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Iljxuh 614= \hduo| Gdqlvk lq dwlrq 4<340<5 +xsshu sdqho,/ 4<780<5 +plggoh sdqho,/
dqg :80<5 +orzhu sdqho,1
frqwudglfwru|1 Wklv qhhg qrw eh vr/ xqohvv d xqlw urrw surfhvv lv jlyhq d vwuxfwxudo
hfrqrplf lqwhusuhwdwlrq1 Wkhuh duh pdq| dujxphqwv lq idyru ri frqvlghulqj d xqlw
urrw +d vwrfkdvwlf wuhqg, dv d frqyhqlhqw hfrqrphwulf dssur{lpdwlrq udwkhu wkdq
dv d ghhs vwuxfwxudo sdudphwhu1 Iru lqvwdqfh/ li wkh wlph shuvshfwlyh ri rxu vwxg|
lv wkh pdfurhfrqrplf ehkdylru lq wkh phglxp uxq/ wkhq prvw pdfurhfrqrplf
yduldeohv h{klelw frqvlghudeoh lqhuwld/ frqvlvwhqw zlwk qrqvwdwlrqdu| udwkhu wkdq
vwdwlrqdu| ehkdylru1 Ehfdxvh lq dwlrq/ iru h{dpsoh/ zrxog qrw eh vwdwlvwlfdoo|
glhuhqw iurp d qrqvwdwlrqdu| yduldeoh/ wuhdwlqj lw dv d vwdwlrqdu| yduldeoh zrxog
lqydolgdwh wkh vwdwlvwlfdo dqdo|vlv dqg/ wkhuhiruh/ ohdg wr zurqj hfrqrplf frqfox0
vlrqv1 Rq wkh rwkhu kdqg/ wuhdwlqj lq dwlrq dv d qrqvwdwlrqdu| yduldeoh jlyhv
xv wkh rssruwxqlw| wr qg rxw zklfk rwkhu yduldeoh+v, kdyh h{klelwhg d vlplodu
vwrfkdvwlf wuhqg e| h{sorlwlqj wkh frlqwhjudwlrq surshuw|1 Wklv zloo eh glvfxvvhg
;
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Iljxuh 615= Dyhudjh Gdqlvk erqg udwhv/ edvhg rq gdlo| revhuydwlrqv/ 41810581<1<8
+xsshu sdqho,/ prqwko| revhuydwlrqv/ Qry 4<;: 0 Vhsw 4<<8 +plggoh sdqho,/ dqg
txduwhuo| revhuydwlrqv/ 4<:5=404<<8=6/ +orzhu sdqho,1
dw vrph ohqjwk lq Vhfwlrq 7/ zkhuh L zloo ghprqvwudwh wkdw wkh xqlw urrw surs0
huw| ri hfrqrplf yduldeohv lv yhu| xvhixo iru wkh hpslulfdo dqdo|vlv ri orqj0 dqg
phglxp0uxq pdfurhfrqrplf ehkdylru1
Zkhq wkh wlph shuvshfwlyh ri rxu vwxg| lv wkh orqj klvwrulfdo pdfurhfrqrplf
pryhphqwv/ lq dwlrq dv zhoo dv lqwhuhvw udwhv duh olnho| wr vkrz vljqlfdqw phdq
uhyhuvlrq dqg/ khqfh/ fdq eh wuhdwhg dv d vwdwlrqdu| yduldeoh1
Ilqdoo|/ wr looxvwudwh wkdw wkh vdph w|sh ri vwrfkdvwlf surfhvvhv duh deoh wr
dghtxdwho| ghvfuleh wkh gdwd/ lqghshqghqwo| ri zkhwkhu rqh wdnhv d forvh0xs ru d
orqj0glvwdqfh orrn/ L kdyh judskhg wkh Gdqlvk erqg udwh lq ohyhov dqg glhuhqfhv
edvhg rq d vdpsoh ri <8 txduwhuo| revhuydwlrqv +4<:5=404<<8=6,/ <8 prqwko| re0
vhuydwlrqv +4<;:=4404<<8=<,/ dqg <8 gdlo| revhuydwlrqv +4181<80581<1<8,1 Wkh gdlo|
<
vdpsoh fruuhvsrqgv wr wkh olwwoh kxps dw wkh hqg ri wkh txduwhuo| wlph vhulhv1 Lw
zrxog eh frqvlghuhg d vpdoo vwdwlrqdu| eols iurp d txduwhuo| shuvshfwlyh/ zkhuhdv
iurp d gdlo| shuvshfwlyh lw lv qrqvwdwlrqdu|/ vkrzlqj qr vljqlfdqw phdq uhyhu0
vlrq1 Dowrjhwkhu/ wkh wkuhh wlph vhulhv orrn yhu| vlplodu iurp d vwrfkdvwlf srlqw
ri ylhz1
Wkxv/ hfrqrphwulfdoo| lw lv frqyhqlhqw wr ohw wkh ghqlwlrq ri orqj0uxq ru vkruw0
uxq/ ru dowhuqdwlyho| wkh yhu| orqj0uxq/ wkh phglxp orqj0uxq/ dqg wkh vkruw0uxq/
ghshqg rq wkh wlph shuvshfwlyh ri wkh vwxg|1 Iurp dq hfrqrplf srlqw ri ylhz wkh
txhvwlrq uhpdlqv lq zkdw vhqvh fdq d xqlw urrw surfhvv eh jlyhq d vwuxfwxudo
lqwhusuhwdwlrq1
71 D vwrfkdvwlf irupxodwlrq
Wr eh deoh wr glvfxvv wkh deryh txhvwlrqv L zloo frqvlghu d frqyhqwlrqdo ghfrpsr0
vlwlrq lqwr wuhqg/ Ac f|foh/ c dqg luuhjxodu frpsrqhqw/ Uc ri d w|slfdo pdfurhfr0
qrplf yduldeoh1
f ’ A    U
Lqvwhdg ri wuhdwlqj wkh wuhqg frpsrqhqw dv ghwhuplqlvwlf/ dv lv xvxdoo| grqh
lq frqyhqwlrqdo dqdo|vlv/ L zloo doorz wkh wuhqg wr eh erwk ghwhuplqlvwlf/ A_c dqg
vwrfkdvwlf/ Arc l1h1 A ’ ArA_c dqg wkh f|folfdo frpsrqhqw wr eh ri orqj gxudwlrq/
vd| 9043 |hduv/ ,/ dqg ri vkruwhu gxudwlrq/ vd| 608 |hduv/ rc l1h1  ’ ,  r
Wkh uhdvrq iru glvwlqjxlvklqj ehwzhhq vkruw dqg orqj f|fohv lv wkdw d orqj2vkruw
f|foh fdq hlwkhu eh wuhdwhg dv qrqvwdwlrqdu| ru vwdwlrqdu| ghshqglqj rq wkh wlph
shuvshfwlyh ri wkh vwxg|1 Dv dq looxvwudwlrq ri orqj f|fohv wkdw kdyh ehhq irxqg
qrqvwdwlrqdu| e| wkh vwdwlvwlfdo dqdo|vlv +Mxvholxv/ 4<<;e, vhh wkh judsk ri wuhqg0
dgmxvwhg uhdo lqfrph lq Iljxuh 714/ plggoh sdqho1
Dq dgglwlyh irupxodwlrq lv rewdlqhg e| wdnlqj orjdulwkpv=
% ’ E|r n |_ n ES, n Sr n  +714,
zkhuh orzhu fdvh ohwwhuv lqglfdwh d orjdulwkplf wudqvirupdwlrq1 Wkrxjk wkh vwrfkdv0
wlf wlph ghshqghqf| ri wkh yduldeohv duh ri sulpdu| lqwhuhvw lq wkh vxevhtxhqw glv0
fxvvlrqv/ wkh olqhdu wlph wuhqg fdqqrw eh ohiw rxw vlqfh lw lv d phdvxuh ri dyhudjh
olqhdu jurzwk wuhqgv xvxdoo| suhvhqw lq hfrqrplf gdwd1
Wr jlyh wkh hfrqrplf lqwxlwlrq iru wkh vxevhtxhqw pxowlyduldwh frlqwhjudwlrq
dqdo|vlv ri prqh| ghpdqg 2 prqh| vxsso| uhodwlrqv/ L zloo looxvwudwh wkh lghdv lq
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Vhfwlrq 714 dqg 715 xvlqj wkh wlph vhulhv yhfwru  | ’ d6c Rc +c-6c -Ko|c | ’ c c Ac
zkhuh 6 lv d phdvxuh ri prqh| vwrfn/ R wkh sulfh ohyho/ + uhdo lqfrph/ -6 wkh
rzq lqwhuhvw rq prqh| vwrfn/ dqg -K wkh lqwhuhvw udwh rq erqgv1 Doo yduldeohv
duh wuhdwhg dv vwrfkdvwlf dqg/ khqfh/ iurp d vwdwlvwlfdo srlqw ri ylhz qhhg wr eh
prghoohg/ lqghshqghqwo| ri zkhwkhu wkh| duh frqvlghuhg hqgrjhqrxv ru h{rjhqrxv
lq wkh hfrqrplf prgho1
Wr looxvwudwh wkh lghdv L zloo dvvxph wzr dxwrqrprxv vkrfnv/  dqg 2c zkhuh
iru vlpsolflw|  lv dvvxphg wr eh d vkrfn fdxvlqj d shupdqhqw vkliw lq wkh DG
fxuyh dqg 2 d vkrfn fdxvlqj d shupdqhqw vkliw lq wkh DV fxuyh1 Wklv fdvh zrxog
eh frqvlvwhqw zlwk d yhuwlfdo djjuhjdwh vxsso| +DV, fxuyh dqg grzqzdug vorslqj
djjuhjdwh ghpdqg +DG, fxuyh1
Wr foduli| wkh frqqhfwlrq ehwzhhq wkh hfrqrphwulf dqdo|vlv dqg wkh hfrqrplf
lqwhusuhwdwlrq L zloo uvw dvvxph wkdw wkh hpslulfdo dqdo|vlv lv edvhg rq d txduwhuo|
prgho ri/ vd|/ d ihz ghfdghv dqg wkhq rq d |hduo| prgho ri/ vd|/ d kxqguhg |hduv1
Lq wkh uvw fdvh/ zkhq wkh shuvshfwlyh ri wkh vwxg| lv wkh phglxp uxq/ L zloo dujxh
wkdw sulfhv vkrxog jhqhudoo| eh wuhdwhg dv UE2c zkhuhdv lq wkh odwwhu fdvh/ zkhq
wkh shuvshfwlyh lv wkh yhu| orqj uxq/ sulfhv fdq vrphwlphv eh dssur{lpdwhg dv d
vwurqjo| fruuhodwhg UE surfhvv1
Iljxuh 714 looxvwudwhv glhuhqw vwrfkdvwlf wuhqgv lq wkh Gdqlvk txduwhuo| gdwd1
Wkh vwrfkdvwlf UE2 wuhqg lq wkh xsshu sdqho fruuhvsrqgv wr wuhqg0dgmxvwhg sulfhv/
wkh vwrfkdvwlf UE wuhqg lq wkh plggoh sdqho fruuhvsrqgv wr wuhqg0dgmxvwhg uhdo
lqfrph/ dqg wkh vwrfkdvwlf UE wuhqg lq wkh orzhu sdqho fruuhvsrqgv wr wkh lq d0
wlrq udwh/ l1h1 wr wkh glhuhqfhg wkh UE2 wuhqg1
Wkh frqfhsw ri d frpprq vwrfkdvwlf wuhqg ru d gulylqj irufh uhtxluhv d ixuwkhu
glvwlqfwlrq ehwzhhq=
 dq xqdqwlflsdwhg vkrfn zlwk d shupdqhqw hhfw +d glvwxuedqfh wr wkh v|vwhp
zlwk d orqj odvwlqj hhfw,
 dq xqdqwlflsdwhg vkrfn zlwk d wudqvlwru| hhfw +d glvwxuedqfh wr wkh v|vwhp
zlwk d vkruw gxudwlrq,1
Wr jlyh wkh qrq0h{shuw uhdghu d pruh lqwxlwlyh xqghuvwdqglqj iru wkh phdqlqj
ri d vwrfkdvwlf wuhqg ri uvw ru vhfrqg rughu/ L zloo ghvfuleh lq dwlrq Z| dv wkh vxp
ri shupdqhqw/ 0R|c dqg wudqvlwru|/ 0r|c vkrfnv/ vwduwlqj iurp dq lqlwldo wlph srlqw
Zfc l1h1=
Z| ’ 0R| n 0R|3 n 0R|32 n n 0R n 0r| n 0r|3 n 0r|32 n n 0r n Zf
44
1975 1980 1985 1990 1995
-.1
0
.1
Stochastic I(2) trend in prices
1975 1980 1985 1990 1995
-.05
0
.05
.1 Stochastic I(1) trend in real income
1975 1980 1985 1990 1995
.05
.1
.15 Stochastic I(1) trend in inflation
Iljxuh 714= Vwrfkdvwlf wuhqgv lq Gdqlvk sulfhv/ uhdo lqfrph dqg lq dwlrq/ edvhg
rq txduwhuo| gdwd 4<:8=404<<7=7
D shupdqhqw vkrfn lv e| ghqlwlrq d vkrfn wkdw kdv d odvwlqj hhfw rq wkh ohyho
ri lq dwlrq/ vxfk dv d shupdqhqw lqfuhdvh lq jryhuqphqw h{shqglwxuh/ zkhuhdv wkh
hhfw ri d wudqvlwru| vkrfn glvdsshduv hlwkhu gxulqj wkh qh{w shulrg ru judgxdoo|1
Dq h{dpsoh ri d wudqvlwru| sulfh vkrfn lv d ydoxh dgghg wd{ lpsrvhg lq rqh shulrg
dqg uhpryhg wkh qh{w1 Lq wkh odwwhu fdvh sulfhv lqfuhdvh whpsrudulo|/ exw uhwxuq
wr wkhlu suhylrxv ohyho diwhu wkh uhprydo1 Wkhuhiruh/ d wudqvlwru| vkrfn fdq eh
ghvfulehg dv d vkrfn wkdw rffxuv d vhfrqg wlph lq wkh vhulhv exw wkhq zlwk wkh
rssrvlwh vljq1 Khqfh/ d wudqvlwru| vkrfn glvdsshduv lq fxpxodwlrq/ zkhuhdv d
shupdqhqw vkrfn kdv d orqj odvwlqj hhfw rq wkh ohyho1 Lq sudfwlvh zh rqo| revhuyh
rqh vkrfn ehlqj wkh vxp ri wkh wzr/ l1h1 0| ’ 0R|n0r| Krzhyhu/ lq wkh vxppdwlrq=
Z| ’ P
|
'0 n Zf +715,
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rqo| wkh shupdqhqw vkrfnv zloo kdyh d odvwlqj hhfw dqg zh fdoo P|'0 d vwrfkdvwlf
wuhqg1 Wkh glhuhqfh ehwzhhq d olqhdu vwrfkdvwlf dqg ghwhuplqlvwlf wuhqg lv wkdw
lqfuhphqwv ri d vwrfkdvwlf wuhqg fkdqjh udqgrpo|/ zkhuhdv wkrvh ri d ghwhuplqlvwlf
wuhqg duh frqvwdqw ryhu wlph1 Wklv lv looxvwudwhg lq wkh orzhu sdqho ri Iljxuh 7141
D uhsuhvhqwdwlrq ri sulfhv lqvwhdg ri lq dwlrq lv rewdlqhg e| lqwhjudwlqj +715,
rqfh/ l1h1
R| ’ PZ ’ P
|
r'P
r
'0 n Zf|n Rf +716,
Lw dsshduv wkdw lq dwlrq ehlqj UE zlwk d qrq}hur phdq/ fruuhvsrqgv wr sulfhv
ehlqj UE2 zlwk olqhdu wuhqgv1 Wkh vwrfkdvwlf UE2 wuhqg lv looxvwudwhg lq wkh xsshu
sduw ri Iljxuh 7141
Wkh txhvwlrq zkhwkhu lq dwlrq udwhv vkrxog eh wuhdwhg dv UE ru UEf kdv ehhq
vxemhfw wr pxfk ghedwh1 Iljxuh 614 looxvwudwhg wkdw lq dwlrq phdvxuhg ryhu wkh
odvw ghfdghv zdv suredeo| ehvw dssur{lpdwhg e| d qrqvwdwlrqdu| surfhvv/ zkhuhdv
phdvxuhg ryhu d fhqwxu| e| d vwdwlrqdu|/ wkrxjk vwurqjo| dxwrfruuhodwhg/ surfhvv1
Iru d ghvfulswlrq ri wkh odwwhu fdvh +715, vkrxog eh uhsodfhg zlwk=
Z| ’ P
|
'4
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zkhuh wkh dxwruhjuhvvlyh sdudphwhu 4 lv ohvv wkdq exw forvh wr rqh1 Lq wklv fdvh
sulfhv zrxog eh uhsuhvhqwhg e|=
R| ’ PZ ’ P
|
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r
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l1h1 e| d vwurqjo| dxwruhjuhvvlyh uvw rughu vwrfkdvwlf wuhqg dqg d ghwhuplqlvwlf
olqhdu wuhqg1
Wkh glhuhqfh ehwzhhq +715, dqg +717, lv rqo| d pdwwhu ri dssur{lpdwlrq1 Lq
wkh uvw fdvh wkh sdudphwhu 4 lv dssur{lpdwhg zlwk xqlw|/ ehfdxvh wkh vdpsoh
shulrg lv wrr vkruw iru wkh hvwlpdwh wr eh vwdwlvwlfdoo| glhuhqw iurp rqh1 Lq
wkh vhfrqg fdvh wkh vdpsoh shulrg frqwdlqv hqrxjk wxuqlqj srlqwv iru 4 wr eh
vljqlfdqwo| glhuhqw iurp rqh1 L zloo dujxh ehorz wkdw/ xqohvv d xqlw urrw lv jlyhq
d vwuxfwxudo lqwhusuhwdwlrq/ wkh fkrlfh ri rqh uhsuhvhqwdwlrq ru wkh rwkhu lv qrw
yhu| lpsruwdqw dv vxfk/ dv orqj dv wkh hfrqrplf dqg hfrqrphwulf dqdo|vhv duh
frqvlvwhqw zlwk hdfk rwkhu1
7141 Wuhdwlqj sulfhv dv L+5,
Lq wklv vhfwlrq L zloo dvvxph wkdw wkh orqj0uxq vwrfkdvwlf wuhqg |r lq +714, fdq
eh ghvfulehg e| wkh wzlfh fxpxodwhg DG vkrfnv/ PPc dqg wkh orqj f|folfdo
46
frpsrqhqw S, e| wkh rqfh fxpxodwhg DG vkrfnv/ Pc dqg wkh rqfh fxpxodwhg
DV vkrfnv/ P2 Wklv uhsuhvhqwdwlrq jlyhv xv wkh srvvlelolw| ri glvwlqjxlvklqj
ehwzhhq wkh orqj0uxq vwrfkdvwlf wuhqg frpsrqhqw lq sulfhv/ PPc wkh phglxp0
uxq vwrfkdvwlf wuhqg lq sulfh lq dwlrq/ Pc dqg wkh phglxp0uxq vwrfkdvwlf wuhqg
lq uhdo dfwlylw|/ P2
Dv dq looxvwudwlrq ri krz wkh hfrqrphwulf dqdo|vlv lv lq xhqfhg e| wkh deryh
dvvxpswlrqv L zloo frqvlghu wkh iroorzlqj ghfrpsrvlwlrq ri wkh gdwd yhfwru=
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6::::::8 d|onvwdw1frps1 +719,
Wkh ghwhuplqlvwlf wuhqg frpsrqhqw/ |_ ’ |c dffrxqwv iru olqhdu jurzwk lq
qrplqdo prqh| dqg sulfhv dv zhoo dv uhdo lqfrph1 Li ~} 9’ fc }2 9’ fc } 9’ fjc
wkhq ~.{R| 9’ fc .{6| 9’ fc .{+| 9’ fjc l1h1 uhdo dqg qrplqdo jurzwk lv qrq}hur
frqvlvwhqw zlwk vw|ol}hg idfwv lq prvw lqgxvwuldol}hg frxqwulhv1 Li } ’ f dqg
_ ’ f lq +719,/ wkhq P2 lv olnho| wr ghvfuleh wkh orqj0uxq uhdo jurzwk lq wkh
hfrqrp|/ l1h1 d vwuxfwxudo xqlw urrw surfhvv dv glvfxvvhg lq wkh pdq| sdshuv
rq wkh vwrfkdvwlf yhuvxv ghwhuplqlvwlf uhdo jurzwk prghov1 Vhh iru lqvwdqfh/ Nlqj/
Sorvvhu/ Vwrfn dqg Zdwvrq +4<<4,1 Li } 9’ fc wkhq wkh olqhdu wlph wuhqg lv olnho|
wr fdswxuh wkh orqj0uxq wuhqg dqg P2 zloo ghvfuleh wkh phglxp0uxq ghyldwlrqv
iurp wklv wuhqg/ l1h1 wkh orqj exvlqhvv f|fohv1 Wkh wuhqg0dgmxvwhg uhdo lqfrph
yduldeoh lq wkh plggoh sdqho ri Iljxuh 7141 looxvwudwhv vxfk orqj exvlqhvv f|fohv1
Iru d ixuwkhu glvfxvvlrq/ vhh Uxelq +4<<;,1 Wkh uvw fdvh h{solflwo| dvvxphv wkdw
wkh dyhudjh uhdo jurzwk udwh lv }hur zkhuhdv wkh odwwhu fdvh grhv qrw1 Zkhwkhu
rqh lqfoxghv d olqhdu wuhqg ru qrw lq +719, lq xhqfhv/ wkhuhiruh/ wkh srvvlelolw| ri
lqwhusuhwlqj wkh vhfrqg vwrfkdvwlf wuhqg/ P2c dv d orqj0uxq vwuxfwxudo wuhqg ru
qrw1
714141 Orqj0uxq sulfh krprjhqhlw|
L zloo wdnh d forvhu orrn dw wkh wuhqg frpsrqhqwv ri 6| dqg R| lq +719,=
6| ’ SPP n _P n _2P2 n }|n r|@| SJ6R
R| ’ S2PP n _2P n _22P2 n }2|n r|@| SJ6R
Li +Sc S2 9’ fc wkhq ~6|c R|j  UE2 Li/ lq dgglwlrq/ S ’ S2 wkhq
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6|  R| ’ E_  _2P n E_2  _22P2 n E}  }2|n r|@|SJ6R
lv dw prvw UE Li ~E__2 9’ fc E_2_22 9’ fjc wkhq6| dqg R| duh frlqwhjudwlqj
iurp UE2 wr UEc l1h1 wkh| duh UE2c  Li/ lq dgglwlrq/ +}  }2 9’ fc wkhq uhdo
prqh| vwrfn jurzv durxqg d olqhdu wuhqg1
Wkh fdvh +6|  R|  UE lpsolhv orqj0uxq sulfh krprjhqhlw| dqg lv d whvwdeoh
k|srwkhvlv1 Prqh| vwrfn dqg sulfhv duh prylqj wrjhwkhu lq wkh orqj0uxq/ exw qrw
qhfhvvdulo| lq wkh phglxp0uxq +ryhu wkh exvlqhvv f|foh,1 Orqj0uxq dqg phglxp0
uxq sulfh krprjhqhlw| uhtxluhv ~S ’ S2c dqg _ ’ _2jc l1h1 wkh ( vkrfnv
| dhfw qrplqdo prqh| dqg sulfhv lq wkh vdph zd| erwk lq wkh orqj uxq dqg lq
wkh phglxp uxq1 Ehfdxvh wkh uhdo vwrfkdvwlf wuhqg P2 lv olnho| wr hqwhu 6| exw
qrw qhfhvvdulo| R|c whvwlqj orqj0 dqg phglxp0uxq sulfh krprjhqhlw| mrlqwo| lv qrw
htxlydohqw wr whvwlqj +6|  R|  UEf Wkhuhiruh/ wkh mrlqw k|srwkhvlv lv qrw dv
vwudljkwiruzdug wr whvw dv orqj0uxq sulfh krprjhqhlw| dorqh1
Qrwh wkdw +6|  R|  UE lpsolhv +{6|  {R|  UEfc l1h1 orqj0uxq sulfh
krprjhqhlw| lpsolhv frlqwhjudwlrq ehwzhhq sulfh lq dwlrq dqg prqh| jurzwk1 Li
wklv lv wkh fdvh/ wkhq wkh vwrfkdvwlf wuhqg lq lq dwlrq fdq htxdoo| zhoo eh phdvxuhg
e| wkh jurzwk lq prqh| vwrfn1
714151 Dvvxplqj orqj0uxq sulfh krprjhqhlw|
Lq wkh iroorzlqj L zloo dvvxph wkdw S ’ S2c dqg glvfxvv ydulrxv fdvhv zkhuh
phglxp0uxq sulfh krprjhqhlw| lv hlwkhu suhvhqw ru devhqw1
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Lq +71:, doo yduldeohv duh dw prvw UE Wkh lq dwlrq udwh +phdvxuhg e| {R| ru
{6| lv rqo| dhfwhg e| wkh rqfh fxpxodwhg ( wuhqg/ Pc exw doo wkh rwkhu
yduldeohv fdq lq sulqflsoh eh dhfwhg e| erwk vwrfkdvwlf wuhqgv/ P dqg P21
Wkh fdvh wuhqg0dgmxvwhg +6|  R|  UEf uhtxluhv wkdw erwk _ ’ _2 dqg
_2 ’ _22c zklfk lv qrw yhu| olnho| iurp dq hfrqrplf srlqw ri ylhz D sulrul/
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rqh zrxog h{shfw wkh uhdo vwrfkdvwlf wuhqg P2 wr lq xhqfh prqh| vwrfn +e|
lqfuhdvlqj wkh wudqvdfwlrqv/ suhfdxwlrqdu| dqg vshfxodwlyh ghpdqgv iru prqh|,
exw qrw wkh sulfh ohyho/ l1h1 wkdw _2 9’ f dqg _22 ’ f
Wkh fdvh +6|  R|  +|  UEfc l1h1 prqh| yhorflw| ri flufxodwlrq lv d vwdwlrq0
du| yduldeoh/ uhtxluhv wkdw __2_ ’ fc _2_22_2 ’ f dqg }}2} ’ f
Li _ ’ _2 +l1h1 phglxp uxq sulfh krprjhqhlw|,/ _22 ’ f +uhdo vwrfkdvwlf jurzwk
grhv qrw dhfw sulfhv,/ _ ’ f +phglxp0uxq sulfh jurzwk grhv qrw dhfw uhdo lq0
frph,/ dqg _2 ’ _2c wkhq 6| R| +|  UEf1 Lq wklv fdvh uhdo prqh| vwrfn dqg
uhdo djjuhjdwh lqfrph vkduh rqh frpprq wuhqg/ wkh uhdo vwrfkdvwlf wuhqg P2
Wkh vwdwlrqdulw| ri prqh| yhorflw|/ lpso|lqj frpprq pryhphqwv lq prqh|/ sulfhv/
dqg lqfrph/ lv wkhq frqvlvwhqw zlwk wkh frqyhqwlrqdo prqhwdulvw dvvxpswlrq dv
vwdwhg e| Iulhgpdq +4<:3, wkdw lq dwlrq dozd|v dqg hyhu|zkhuh lv d prqhwdu|
sureohp1 Wklv fdvh/ +6|  R|  +|  UEfc kdv jhqhudoo| irxqg olwwoh hpslulfdo
vxssruw +Mxvholxv/ 4<<9/ 4<<;e/ Mxvholxv dqg Jhqqdul/ 4<<;/ Mxvholxv dqg Wrur/
4<<<,1 Dv dq looxvwudwlrq vhh wkh judsk ri prqh| yhorflw| lq wkh xsshu sdqho ri
Iljxuh 7151 L zloo qrz wxuq wr wkh pruh uhdolvwlf dvvxpswlrq ri prqh| yhorflw|
ehlqj UE1
Wkh fdvh +6|  R|  +|  UEc lpsolhv wkdw ~+__2_ 9’ fc +_2_22
_2 9’ fj Lw vxjjhvwv wkdw wkh wzr frpprq vwrfkdvwlf wuhqgv dhfw wkh ohyho ri
uhdo prqh| vwrfn dqg uhdo lqfrph glhuhqwo|1 D ihz h{dpsohv looxvwudwh wklv=
H{dpsoh 4 = Lq dwlrq lv frlqwhjudwlqj zlwk yhorflw|/ l1h1=
6|  R|  +| n K{R|  UEfc +71;,
ru dowhuqdwlyho|
E6|  R|  +| n K2{6|  UEf
Xqghu wkh suhylrxv dvvxpswlrqv wkdw _c _22 ’ fc dqg _2 ’ _2 wkh UEf dvvxps0
wlrq ri +71;, lpsolhv wkdw _ _2 ’ KS2 Li K : fc wkhq +71;, fdq eh lqwhusuhwhg
dv d prqh| ghpdqg uhodwlrq/ zkhuh wkh rssruwxqlw| frvw ri kroglqj prqh| uhodwlyh
wr uhdo vwrfn lv d ghwhuplqdqw ri prqh| yhorflw|1 Rq wkh rwkhu kdqg li K 	 f Eru
K2 : fc wkhq lq dwlrq dgmxvwv wr h{fhvv prqh|/ wkrxjk li m K m	 c zlwk vrph wlph
odj1 Lq wklv fdvh lw lv qrw srvvleoh wr lqwhusuhw +71;, dv d prqh| ghpdqg uhodwlrq1
H{dpsoh 5 = Wkh lqwhuhvw udwh vsuhdg dqg yhorflw| duh frlqwhjudwlqj/ l1h1=
E6|  R|  +| KE-6  -K|  UEf +71<,
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Iljxuh 715= Prqh| yhorflw| +xsshu sdqho,/ wkh lqwhuhvw udwh vsuhdg +plggho sdqho,/
dqg prqh| ghpdqg +orzhu sdqho, iru Gdqlvk gdwd1
Ehfdxvh +-6 -K|  UEc hlwkhu +_e _D 9’ fc ru +_e2  _D2 9’ fc ru erwk1 Lq
hlwkhu fdvh wkh vwrfkdvwlf wuhqg lq wkh vsuhdg kdv wr frlqwhjudwh zlwk wkh vwrfkdvwlf
wuhqg lq yhorflw|1 Li K : fc wkhq +71<, fdq eh lqwhusuhwhg dv d prqh| ghpdqg
uhodwlrq lq zklfk wkh rssruwxqlw| frvw ri kroglqj prqh| uhodwlyh wr erqgv lv d
ghwhuplqdqw ri djhqw*v ghvluhg prqh| kroglqjv1 Rq wkh rwkhu kdqg/ li K 	 f wkhq
wkh prqh| ghpdqg lqwhusuhwdwlrq lv qr orqjhu srvvleoh/ dqg +71<, frxog lqvwhdg
eh d fhqwudo edqn srolf| uxoh1 Iljxuh 7151/ wkh plggoh sdqho/ vkrzv wkh lqwhuhvw
vsuhdg ehwzhhq wkh Gdqlvk 43 |hdu erqg udwh dqg wkh ghsrvlw udwh/ dqg wkh orzhu
sdqho wkh olqhdu frpelqdwlrq +71<, zlwk K ’ e Lw lv qrwdeoh krz zhoo wkh
qrqvwdwlrqdu| ehkdylru ri prqh| yhorflw| dqg wkh vsuhdg fdqfhov lq wkh olqhdu
prqh| ghpdqg uhodwlrq1
Iurp wkh shuvshfwlyh ri prqhwdu| srolf| d qrqvwdwlrqdu| vsuhdg vxjjhvwv wkdw
4:
wkh vkruw0whup fhqwudo edqn lqwhuhvw udwh fdq eh xvhg dv dq lqvwuxphqw wr lq xhqfh
prqh| ghpdqg1 D vwdwlrqdu| vsuhdg rq wkh rwkhu kdqg vljqdov idvw dgmxvwphqw
ehwzhhq wkh wzr lqwhuhvw udwhv/ vxfk wkdw fkdqjlqj wkh vkruw lqwhuhvw udwh rqo|
fkdqjhv wkh vsuhdg lq wkh yhu| vkruw uxq dqg/ khqfh/ ohdyhv prqh| ghpdqg hvvhq0
wldoo| xqfkdqjhg1
Lq d prgho h{sodlqlqj prqhwdu| wudqvplvvlrq phfkdqlvpv/ wkh ghwhuplqdwlrq
ri uhdo lqwhuhvw udwhv lv olnho| wr sod| dq lpsruwdqw uroh1 Wkh Ilvkhu sdulw| suhglfwv
wkdw uhdo lqwhuhvw udwhv duh frqvwdqw/ l1h1
-| ’ H|{R|n6 +7143,
zkhuh H|{R|n6 lv wkh h{shfwhg ydoxh dw wlph | ri lq dwlrq dw wkh shulrg ri pdwxulw|
|n61
Li +{R|n6  H|{R|n6  UEfc wkhq wkh suhglfwlrqv gr qrw ghyldwh iurp wkh
dfwxdo uhdol}dwlrq zlwk pruh wkdq d vwdwlrqdu| huuru1 Li/ lq dgglwlrq/ +{R| 
{R|n6  UEfc wkhq -| {R| lv vwdwlrqdu|1 Iurp +71:, lw dsshduv wkdw li +-6 
{R  UEf dqg +-K  {R  UEf/ wkhq _e2 ’ _D2 ’ f Dovr li _e2 ’ _D2 ’ fc
wkhq -6 dqg -K pxvw eh frlqwhjudwlqj/ +-6  Ke-K|  UEf zlwk Ke ’  iru
_e ’ _D Lq wklv vhqvh vwdwlrqdu| uhdo lqwhuhvw udwhv duh erwk hfrqrphwulfdoo|
dqg hfrqrplfdoo| frqvlvwhqw zlwk wkh vsuhdg dqg wkh yhorflw| ehlqj vwdwlrqdu|1 Lw
fruuhvsrqgv wr wkh vlwxdwlrq zkhuh uhdo lqfrph dqg uhdo prqh| vwrfn vkduh wkh
frpprq 7 wuhqg/ P2c dqg lq dwlrq dqg wkh wzr qrplqdo lqwhuhvw udwhv vkduh
wkh ( wuhqg/ P Wklv fdvh fdq eh irupxodwhg dv d uhvwulfwhg yhuvlrq ri +71:,=59999997
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Wkrxjk dsshdolqj iurp d wkhru| srlqw ri ylhz/ +7144, kdv qrw irxqg pxfk
hpslulfdo vxssruw1 Lqvwhdg/ uhdo lqwhuhvw udwhv/ lqwhuhvw udwh vsuhdgv/ dqg prqh|
yhorflw| kdyh iuhtxhqwo| ehhq irxqg wr eh qrqvwdwlrqdu|1 Wklv vxjjhvwv wkh suhv0
hqfh ri uhdo dqg qrplqdo lqwhudfwlrq hhfwv/ dw ohdvw ryhu wkh orqj exvlqhvv f|foh1
E| prgli|lqj vrph ri wkh dvvxpswlrqv xqghuo|lqj wkh Ilvkhu sdulw|/ wkh qrq0
vwdwlrqdulw| ri uhdo lqwhuhvw udwhv fdq eh mxvwlhg1 Iru h{dpsoh/ li djhqwv v|v0
whpdwlfdoo| plvsuhglfw ixwxuh lq dwlrq/ l1h1 +{R|n6  H|{R|n6  UEc ru li wkh
lq dwlrq glhuhqwldo lv qrqvwdwlrqdu|/ l1h1 +{R|{R|n6  UEc wkhq -|{R| 
UE lv frqvlvwhqw zlwk wkh Ilvkhu sdulw| Lq wklv fdvh rqh zrxog dovr h{shfw
4;
.|E{R|nK  {R|n6  UEc dqg +-6  -K|  UE zrxog eh frqvlvwhqw zlwk
wkh suhglfwlrqv iurp wkh h{shfwdwlrq*v k|srwkhvlv +ru wkh Ilvkhu sdulw|,1
Lq Vhfwlrq : L zloo eulh | glvfxvv wkh fdvh zkhuh wkh vsuhdg/ wkh uhdo lqwhuhvw
udwhv dqg wkh yhorflw| duh qrqvwdwlrqdu|/ exw rwkhuzlvh uhvwulfw wkh glvfxvvlrq wr
wkh pruh vwudljkwiruzdug fdvh +7144,1
7151 Wuhdwlqj sulfhv dv L+4,
Lq wklv fdvh 4 	  lq +717, lpso|lqj wkdw lq dwlrq lv vwdwlrqdu| doehlw vwurqjo|
dxwrfruuhodwhg1 Wkh uhsuhvhqwdwlrq ri wkh yhfwru surfhvv ehfrphv=59999997
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6::::::8 d|o n vwdw1frps1 +7145,
Prqh| dqg sulfhv duh uhsuhvhqwhg e|=
6| ’ SP n _2P2 n }|n r|@|SJ6R
R| ’ S2P n _22P2 n }2|n r|@|SJ6R
Li S ’ S2 wkhuh lv orqj0uxq sulfh krprjhqhlw|/ exw +6|  R|  UE xqohvv
E_2  _22 ’ f Li _2 9’ f dqg _22 ’ fc wkhq
6|  R| ’ _2P2 n E}  }2|n r|@|SJ6R
Li _2 ’ _2 wkhq +6|  R|  +|  UEf Iurp ~6|c R|j  UE lw iroorzv wkdw
~{Rc{6j  UEfc dqg uhdo lqwhuhvw udwhv fdqqrw eh vwdwlrqdu| xqohvv _e2 ’ _D2 ’
f Khqfh/ d frqvhtxhqfh ri wuhdwlqj sulfhv dv UE lv wkdw qrplqdo lqwhuhvw udwhv
vkrxog eh wuhdwhg dv UEfc xqohvv rqh lv suhsduhg d sulrul wr h{foxgh wkh srvvlelolw|
ri vwdwlrqdu| uhdo lqwhuhvw udwhv1
Dv glvfxvvhg deryh/ wkh lq dwlrq udwh dqg wkh lqwhuhvw udwhv kdyh wr furvv wkhlu
phdq sdwk idluo| iuhtxhqwo| wr rewdlq vwdwlvwlfdoo| vljqlfdqw phdq0uhyhuvlrq1 Wkh
uhvwulfwhg yhuvlrq ri +7145, jlyhq ehorz lv hfrqrplfdoo| dv zhoo dv hfrqrphwulfdoo|
frqvlvwhqw/ exw lv xvxdoo| rqo| uhohydqw lq wkh dqdo|vlv ri orqj klvwrulfdo gdwd vhwv1
4<
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6::::::8 d|o n vwdw1frps1 +7146,
81 Hvwlpdwlrq dqg k|srwkhvhv irupxodwlrq
Wkh hfrqrplf uhodwlrqv glvfxvvhg lq Vhfwlrq 5 dqg wkh vwrfkdvwlf irupxodwlrq ri
wkh pdfurhfrqrplf yduldeohv glvfxvvhg lq Vhfwlrq 7 fdq eh dqdo|}hg lq d irupdo
vwdwlvwlfdo iudphzrun xvlqj wkh frlqwhjudwhg YDU prgho jlyhq e|=
{2 | ’ {
2
 |3 n K{ |3 n |3 n >f n >|n 0|c
0|  REfcP c | ’ c c A
+814,
zkhuh  | lv d R  yhfwru ri yduldeohv lq wkh v|vwhp/ wkh odj ohqjwk kdv ehhq vhw
wr wkuhh/ dqg wkh sdudphwhuv ~Kccc >fc >cPj duh xquhvwulfwhg1
Wkh YDU prgho lv hvvhqwldoo| edvhg rq wkh dvvxpswlrq ri pxowlyduldwh qrupdo
glvwxuedqfhv/ l1h1 uhvlgxdov vkrxog ehkdyh dssur{lpdwho| dv d pxowlyduldwh qrupdo
surfhvv1 Lq wkh T - irupxodwlrq wklv dprxqwv wr=
{ | .|3i{ | m j|3j ’ %| +815,
zkhuh j|3 ’ d |3c |32c |3oc dqg .|3i{ | m j|3j lv wkh frqglwlrqdo h{shfwd0
wlrq ri { | jlyhq wkh lqirupdwlrq dw wlph |Zkhq  | frqwdlqv wkh prvw lpsru0
wdqw yduldeohv qhhghg wr h{sodlq wkh yduldwlrq lq wkh yhfwru surfhvv/ wkh pxowlydul0
dwh qrupdolw| dvvxpswlrq kdv riwhq vkrzq wr zrun uhdvrqdeo| zhoo1 Qhyhuwkhohvv/
pdmru uhirupv/ lqwhuyhqwlrqv/ dqg h{wudruglqdu| hyhqwv/ vxfk dv mrlqlqj ru ohdylqj
wkh .-c derolvklqj uhvwulfwlrqv rq fdslwdo pryhphqwv/ fkdqjlqj zdjh lqgh{0
dwlrq vfkhphv/ h{wudruglqdu| lqfuhdvhv lq wkh rlo sulfh/ duh olnho| wr ylrodwh wkh
qrupdolw| dvvxpswlrq1 Lq vxfk fdvhv wkh lqirupdwlrq vhw kdv wr eh hqodujhg zlwk
dgglwlrqdo yduldeohv dffrxqwlqj iru wkhvh hhfwv/ xvxdoo| lq wkh irup ri gxpp|
yduldeohv/ #|c l1h1=
{ |  .|3i{ | m #|cj|3j ’ %| +816,
Qrwh wkdw #| lq +816, hqwhuv wkh lqirupdwlrq vhw rqo| dw wkh wlph wkh hhfw zdv
xqdqwlflsdwhg1 Diwhu wkh lqwhuyhqwlrq kdv rffxuuhg dqg wkh hhfw lv nqrzq/ wkh
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dgmxvwphqw phfkdqlvpv ri wkh prgho vkrxog eulqj wkh v|vwhp edfn wr wkh qhz
vwhdg|0vwdwh srvlwlrq1 Iru dq looxvwudwlrq vhh wkh judsk lq Iljxuh 514/ orzhu sdqho1
Lq vrph fdvhv/ zkhq lqwhuyhqwlrqv ru uhirupv fkdqjh wkh gdwd jhqhudwlqj phfkd0
qlvp/ l1h1 wkh sdudphwhuv ri wkh T - prgho/ vxfk dq dvvxpswlrq lv wrr vlpsoh1
Exw lq rughu wr vlpsoli| wkh vxevhtxhqw glvfxvvlrq L zloo ljqruh dowrjhwkhu wklv
lpsruwdqw lvvxh dqg dvvxph qr vwuxfwxudo euhdnv dqg qr qhhg iru lqwhuyhqwlrq
gxpplhv lq prgho +814,1 Wkh lqwhuhvwhg uhdghu lv uhihuuhg wr wkh odujh hfrqrphw0
ulf olwhudwxuh ghdolqj zlwk uhjlph vkliwv dqg vwuxfwxudo euhdnv1
Wkh xquhvwulfwhg T - prgho +814, hvvhqwldoo| vxppdul}hv wkh uvw wzr pr0
phqwv ri wkh gdwd dqg lv/ wkhuhiruh/ d vwdwlvwlfdo ghvfulswlrq udwkhu wkdq dq hfr0
qrplf prgho1 E| lpsrvlqj vwdwlvwlfdoo| ydolg dqg hfrqrplfdoo| lqwhusuhwdeoh sd0
udphwhu uhvwulfwlrqv rq wkh T - d pruh lqwhuhvwlqj prgho fdq eh irxqg1 Vhh
iru lqvwdqfh Khqgu| dqg Pl}rq +4<<6, dqg Khqgu| +4<<8, iru d glvfxvvlrq ri wkh
jhqhudo wr vshflf T - dssurdfk1 Lq Vhfwlrq 814 L zloo glvfxvv uhvwulfwlrqv rq
wkh T - sdudphwhuv wkdw ghqh wkh L+5, prgho dqg lq Vhfwlrq 815 wkdw ghqh wkh
L+4, prgho1
8141 Wkh L+5, prgho
Wkh hpslulfdo mxvwlfdwlrq iru qrplqdo prqh| dqg sulfhv frqwdlqlqj d vhfrqg
rughu vwrfkdvwlf wuhqg dqg d uvw rughu ghwhuplqlvwlf wlph wuhqg zdv glvfxvvhg lq
Vhfwlrqv 6 dqg 7141 Wkh k|srwkhvlv wkdw  | lv UE2 fdq eh irupxodwhg vwdwlvwlfdoo|
dv wzr uhgxfhg udqn k|srwkhvhv rq  dqg K +Mrkdqvhq/ 4<<8d,/ zkhuhdv wkh
k|srwkhvlv wkdw  | frqwdlqv ghwhuplqlvwlf olqhdu wuhqgv/ exw qr kljkhu rughu wuhqgv/
fdq eh irupxodwhg dv uhvwulfwlrqv rq >f dqg > +Udkehn/ Nrqjvwhg/ dqg Mrujhqvhq/
4<<;,1
Wkh sulru dvvxpswlrq wkdw wkhuh duh wzr vwrfkdvwlf wuhqgv ghulyhg iurp shu0
pdqhqw vkrfnv wr wkh ( dqg wkh 7 fxuyh lv irupxodwhg dv wkh k|srwkhvlv wkdw
R  o ’ 2c zkhuh o lv wkh udqn ri  Wkh k|srwkhvlv wkdw wkh qrplqdo wuhqg lv
UE2 lv irupxodwhg dv dq dgglwlrqdo uhgxfhg udqn k|srwkhvlv rq K Irupdoo| wklv
lv vwdwhg dv=  ’ kq dqg k
z
Kqz ’ l#
/ zkhuh kc q duh R o pdwulfhvc kzc qzduh
R ER o pdwulfhv ruwkrjrqdo wr k dqg qc dqg lc # duh R o  r pdwulfhv dqg
r lv wkh qxpehu ri UE wuhqgv +Mrkdqvhq/ 4<<4,1 Khqfh/ wkh uhgxfhg udqn ri
 lv uhodwhg wr wkh wrwdo qxpehu ri vwrfkdvwlf wuhqgv lq wkh gdwd/ R  o/ zkhuhdv
wkh uhgxfhg udqn ri Kc rclv uhodwhg wr wkh qxpehu ri vhfrqg rughu qrqvwdwlrqdu|
wuhqgv lq wkh gdwd/ r2 Khqfh/ R o ’ r n r2
E| dvvxplqj  ’ kq dqg k
z
Kqz ’ l# dqg }hur uhvwulfwlrqv rq txdgudwlf ru
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kljkhu rughu wuhqgv zh fdq vroyh wkh T - zlwk uhvshfw wr 0| dqg ghwhuplqlvwlf
frpsrqhqwv wr ghulyh wkh prgho lq prylqj dyhudjh irup=
 | ’ E2D23
|[
r'
r[
'
0 n ED3
|[
r'
0r n }|n t| nn|c | ’ c c A +817,
zkhuh E2cD2 duh R r2 pdwulfhv/ EcD duh R ER o pdwulfhv/ } duh wkh olqhdu
wuhqgv lq wkh gdwd/ t| ghqhv wkh vwdwlrqdu| sduw ri wkh surfhvv/ dqg  dqg  duh
d ixqfwlrq ri wkh lqlwldo ydoxhv %fc %3c c %3&n Vhh Mrkdqvhq +4<<8d/4<<8f, dqg
Sduxror +4<<9, iru ixuwkhu ghwdlov1 Lq wklv irup lw lv vwudljkwiruzdug wr lqwhusuhw
D230| ’ | dv wkh vkrfn ohdglqj wr wkh UE2 wuhqg PPD230 ’ PPc dqg D30| ’
|c zkhuh 

| ’ d|c 2|oc dv wkh wzr UE wuhqgv P dqg P2 Wkh ghulydwlrq ri
~E2cD2cEcDc }j dv d ixqfwlrq ri wkh sdudphwhuv +cKc kc qc >fc >cP fdq eh
irxqg lq Mrkdqvhq +4<<8d,1
Khqfh/ wkh dssursuldwho| uhvwulfwhg YDU prgho fdq uhsurgxfh wkh ghfrpsrvl0
wlrq lqwr vwrfkdvwlf wuhqgv/ f|fohv/ luuhjxodu frpsrqhqwv +71:, glvfxvvhg lq Vhfwlrq
71 Ehfdxvh wkh T - lv d vwdwlvwlfdoo| zhoo0vshflhg prgho/ wkh edvlf dvvxps0
wlrqv xqghuo|lqj wkh hpslulfdo sureohp vxfk dv +l, wkh qxpehu dqg +ll, rughu ri
wkh vwrfkdvwlf wuhqgv/ +lll, wkh suhvhqfh ri olqhdu wuhqgv ru +ly, txdgudwlf wuhqgv
lq wkh gdwd/ fdq eh fkhfnhg djdlqvw wkh gdwd edvhg rq vwulfw k|srwkhvlv whvwlqj1
Iurp wkh rxwvhw ri wkh hpslulfdo lqyhvwljdwlrq lw lv/ wkhuhiruh/ srvvleoh wr lqihu
iurp wkh gdwd li wkh edvlf hfrqrplf dujxphqwv xqghuo|lqj wkh hfrqrplf prgho
duh vwdwlvwlfdoo| dffhswdeoh1 Li wkh| duh qrw/ wkhq wkh hpslulfdo uhvxowv duh olnho|
wr vxjjhvw lq zklfk gluhfwlrqv wkh wkhruhwlfdo iudphzrun vkrxog eh prglhg1 Lq
wklv vhqvh d vwulqjhqw T - dqdo|vlv fdq eh d xvhixo frpsohphqw wr frqyhqwlrqdo
hfrqrplf dqdo|vlv/ e| vroylqj wkh sureohp ri kdylqj wr uho| rq edvlf dvvxpswlrqv
qhyhu whvwhg1
8151 Wkh L+4, prgho1
Vhfwlrq 7 vkrzhg wkdw orqj0uxq sulfh krprjhqhlw| lpsolhv frlqwhjudwlrq ehwzhhq
qrplqdo prqh| vwrfn 6 dqg sulfhv R Lq wklv fdvh d uhirupxodwlrq ri wkh gdwd
yhfwru edvhg rq uhdo prqh| dqg lq dwlrq +lqvwhdg ri qrplqdo prqh| dqg sulfhv,
wudqvirupv wkh prgho wr UE1 Wklv fdq eh irupxodwhg dv wkh k|srwkhvlv wkdw
 | ’ d6 Rc +c{Rc-6c -Ko lv UE
Wkh UE prgho lv vwdwlvwlfdoo| ghqhg e| wkh uhgxfhg udqn ri  ’ kq dqg wkh
ixoo udqn ri k
z
Kqz1 Wkxv/ wkh UE prgho lv edvhg rq rqh uhgxfhg udqn frqglwlrq/
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zkhuhdv wkh UE2 prgho zdv edvhg rq wzr1 Uhzulwlqj +814, lq uvw glhuhqfhv dqg
ohyhov ohdgv wr wkh zhoo0nqrzq frlqwhjudwhg T - prgho lq huuru fruuhfwlrq irup=
{ | ’ K{ |3 n kq

 |3 n >f n 0|c
0|  REfcP c | ’ c c A
+818,
zkhuh K ’ U  K dqg  ’ fc l1h1 zh kdyh dvvxphg rqo| wzr odjv lq wkh
prgho1 Vroylqj +818, iru 0| dqg wkh ghwhuplqlvwlf whupv jlyhv wkh prylqj dyhudjh
uhsuhvhqwdwlrq ri wkh UE prgho=
 | ’ ED


|[

0 n ED

>f|n 
WEuE0| n > n +819,
zkhuh ED

 ’ qzEk

z
Kq
z
3k
z
’ c ED

>f ’ }c dqg 
WEu0| ghvfulehv wkh
vwdwlrqdu| sduw ri wkh yhfwru surfhvv dv dq lqqlwh sro|qrpldo lq wkh odj rshudwru
uc dqg  lv d ixqfwlrq ri wkh lqlwldo ydoxhv +Mrkdqvhq/ 4<<4, Wkh odj sro|qrpldo
WEu0| fdq ghvfuleh vwdwlrqdu| f|fohv ri vkruw gxudwlrq/ zkhuhdv +dv glvfxvvhg lq
Vhfwlrq 7, D
S|
 0 fdq ghvfuleh erwk orqj0uxq dqg phglxp0uxq vwrfkdvwlf wuhqgv/
zkhuh wkh odwwhu zrxog fruuvsrqg wr orqj exvlqhvv f|fohv1 Lw dsshduv/ wkhuhiruh/
wkdw +819, uhsurgxfhv wkh frpsrvlwlrq lqwr wuhqg/ f|foh/ luuhjxodu frpsrqhqw dv
jlyhq e| +71:, lq Vhfwlrq 71 E| fkrrvlqj D ’ kz dq hvwlpdwh ri wkh frpprq
vwrfkdvwlf wuhqgv duh rewdlqhg=
| ’ k

z
|[

0 +81:,
Dowkrxjk  ’ kq dqg  ’ ED

 duh xqltxho| ghwhuplqhg/ wkh ghfrpsrvlwlrq
lqwr kc q dqg EcD duh qrw/ dv ghprqvwudwhg e|=
kq ’ kMM3q ’ hkhq ’ 
ED

 ’ E’’
3D ’
hE hD ’ 
zkhuh M lv d o  o dqg ’ d +R  o  ER  o qrqvlqjxodu pdwul{1 Lq dgglwlrq/
dv zloo eh glvfxvvhg lq Vhfwlrq < dqg 43 wkh vkruw0uxq dgmxvwphqw sdudphwhuv dqg
wkh uhvlgxdov 0| duh lqyduldqw wr olqhdu wudqvirupdwlrq ri +818,1 Wkhuhiruh/ diwhu
wkh edvlf vwuxfwxuh ri wkh T - prgho kdv ehhq ghwhuplqhg/ wkh dfwxdo hfrqrplf
prghoolqj frqvlvwv ri krz wr lpsrvh lghqwli|lqj dqg ryhu0lghqwli|lqj uhvwulfwlrqv
rq wkh prgho sdudphwhuv1 Wklv zloo eh ixuwkhu glvfxvvhg lq Vhfwlrqv :/ ;/ dqg <1
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91 Rq wkh fkrlfh ri udqn
Wkh frlqwhjudwlrq udqn glylghv wkh gdwd lqwr o dgmxvwlqj dqg R o qrq0dgmxvwlqj
frpsrqhqwv1 Wkh iruphu duh riwhq jlyhq dq lqwhusuhwdwlrq dv htxloleulxp huuruv
+ghyldwlrqv iurp vwhdg|0vwdwh, dqg wkh odwwhu dv frpprq gulylqj wuhqgv lq wkh
v|vwhp1 Khqfh/ wkh fkrlfh ri o lv fuxfldo iru doo vxevhtxhqw hfrqrphwulf dqdo|vlv
dqg iru lqihuhqfh rq hfrqrplf k|srwkhvhv1 Wkh u- wudfh whvw +Mrkdqvhq/ 4<<8f,
iru wkh ghwhuplqdwlrq ri wkh qxpehu ri xqlw urrwv +vwrfkdvwlf wuhqgv, lq wkh yhfwru
surfhvv lv edvhg rq dv|pswrwlf glvwulexwlrqv wkdw ghshqgv rq wkh ghwhuplqlvwlf
whupv lq wkh T - prgho1 Dv|pswrwlf glvwulexwlrqv kdyh ehhq wdexodwhg iru wkh
prvw iuhtxhqwo| xvhg dowhuqdwlyhv/ vxfk dv d frqvwdqw dqg d wuhqg lq wkh prgho/
dqg uhvwulfwhg yhuvlrqv ri wkhp1 Zkhq prgho +814, frqwdlqv lqvwlwxwlrqdo gxpplhv
wkdw fxpxodwh wr eurnhq wuhqgv lq wkh (C / wkh dydlodeoh dv|pswrwlf wdeohv duh
qr orqjhu ydolg +Mrkdqvhq dqg Qlhovhq 4<<6, dqg hdfk fdvh vkrxog eh wdexodwhg
vhsdudwho|1
Dv pdq| vlpxodwlrq vwxglhv kdyh ghprqvwudwhg/ wkh dv|pswrwlf glvwulexwlrqv
duh riwhq udwkhu srru dssur{lpdwlrqv lq vpdoo vdpsohv/ zlwk frqvhtxhqw vl}h dqg
srzhu glvwruwlrqv +Mrkdqvhq/ 4<<;/ 4<<</ Mßujhqvhq/ 4<<<,1 Ehfdxvh hpslulfdo
pdfurhfrqrplf prghov duh w|slfdoo| edvhg rq vdpsoh vl}hv ri 830433 revhuydwlrqv
fdxwlrq lv ghqlwho| qhhghg1
Wkh wudfh whvw surfhgxuh frqvlvwv ri whvwlqj wkh k|srwkhvlv dw ohdvw rqh xqlw
urrw dqg li dffhswhg frqwlqxhv xqwlo wkh uvw uhmhfwlrq rffxuv dw dw ohdvw Ron
xqlw urrwv1 Wklv phdqv wkdw wkh surfhgxuh lv hvvhqwldoo| edvhg rq wkh sulqflsoh
ri qr sulru hfrqrplf nqrzohgjh  uhjduglqj wkh udqn o Wklv lv lq pdq| fdvhv
gl!fxow wr mxvwli|1 Dv ghprqvwudwhg lq Vhfwlrq 7 dqg 8 lq wkh prqh| pdunhw
h{dpsoh/ wkh fdvh +o ’ c R o ’ 2 fdq eh frqvlghuhg sodxvleoh iru d uhdvrqdeo|
ghuhjxodwhg hfrqrp|1 Iru d pruh uhjxodwhg hfrqrp| zh pljkw kdyh vorzhu pdunhw
dgmxvwphqw dqg/ khqfh/ wkh fdvh +o ’ 2c R o ’  pljkw eh suhihudeoh d sulrul1
Dq dowhuqdwlyh surfhgxuh lv/ wkhuhiruh/ wr whvw d jlyhq sulru hfrqrplf k|srwkh0
vlv/ vd| Ro ’ 2c xvlqj wkh wudfh whvw dqg/ li dffhswhg/ frqwlqxh zlwk wklv dvvxps0
wlrq xqohvv wkh gdwd vwurqjo| vxjjhvwv wkh suhvhqfh ri dgglwlrqdo xqlw urrwv1 Wklv
fdq eh lqyhvwljdwhg iru h{dpsoh e| whvwlqj wkh vljqlfdqfh ri wkh dgmxvwphqw fr0
h!flhqwv koc  ’ c c R wr wkh o
| frlqwhjudwlqj yhfwru1 Li doo ko frh!flhqwv duh
lqvljqlfdqw/ wkhq lqfoxglqj wkh o| frlqwhjudwlqj uhodwlrq lq wkh prgho zrxog
qrw lpsuryh wkh h{sodqdwru| srzhu ri wkh prgho exw/ zrxog lq idfw lqydolgdwh
vxevhtxhqw lqihuhqfh1 Dgglwlrqdoo|/ li wkh fkrlfh ri o lqfruuhfwo| lqfoxghv d qrq0
vwdwlrqdu| uhodwlrq dprqj wkh frlqwhjudwlqj uhodwlrqv/ wkhq rqh ri wkh urrwv ri
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wkh fkdudfwhulvwlf sro|qrpldo ri wkh prgho lv d xqlw urrw ru d qhdu xqlw urrw1 Li
hlwkhu ri wkhvh fdvhv rffxu/ wkhq wkh frlqwhjudwlrq udqn vkrxog eh uhgxfhg1 Qrwh/
krzhyhu/ wkdw dgglwlrqdo xqlw urrwv lq wkh fkdudfwhulvwlf sro|qrpldo fdq eh wkh
frqvhtxhqfh ri UE2 frpsrqhqwv lq wkh gdwd yhfwru1 Lq wklv fdvh uhgxflqj wkh udqn
zloo qrw vroyh wkh sureohp1
Qrwh/ krzhyhu/ wkdw wkh k|srwkhwlfdo frlqwhjudwlrq udqn lv qrw lq jhqhudo htxly0
dohqw wr wkh qxpehu ri wkhruhwlfdo vwhdg|0vwdwh uhodwlrqv ghulyhg iurp d sduwldo
hfrqrplf prgho1 Iru lqvwdqfh/ lq wkh prqh| pdunhw h{dpsoh ri Vhfwlrq 5 wkhuh
zdv rqh htxloleulxp uhodwlrq +514,1 Dv ghprqvwudwhg lq Vhfwlrq 7 dqg 8 +zlwk
wzr lqvwhdg ri mxvw rqh lqwhuhvw udwh, wklv lv frqvlvwhqw zlwk o ’  frlqwhjudwlqj
uhodwlrqv dqg qrw o ’ c zklfk kdv ehhq lqfruuhfwo| dvvxphg lq pdq| hpslulfdo ds0
solfdwlrqv1 Khqfh/ frlqwhjudwlrq ehwzhhq yduldeohv lv d vwdwlvwlfdo surshuw| ri wkh
gdwd wkdw rqo| h{fhswlrqdoo| fdq eh jlyhq d gluhfw lqwhusuhwdwlrq dv dq hfrqrplf
vwhdg|0vwdwh uhodwlrq1
:1 Uhvwulfwlrqv rq wkh orqj0uxq sdudphwhuv
Jlyhq wkh qxpehu ri frlqwhjudwlqj uhodwlrqv/ oc wkh Mrkdqvhq surfhgxuh jlyhv wkh
pd{lpxp olnholkrrg hvwlpdwhv ri wkh xquhvwulfwhg frlqwhjudwlqj uhodwlrqv q |
Dowkrxjk wkh xquhvwulfwhg q lv xqltxho| ghwhuplqhg edvhg rq wkh fkrvhq qrupdo0
l}dwlrq ri wkh uhgxfhg udqn sureohp/ wkh odwwhu lv qrw qhfhvvdulo| phdqlqjixo iurp
dq hfrqrplf srlqw ri ylhz1 Wkhuhiruh/ dq lpsruwdqw sduw ri wkh hpslulfdo dqdo|vlv
lv wr lpsrvh +ryhu0, lghqwli|lqj uhvwulfwlrqv rq q wr dfklhyh hfrqrplf lqwhusuhwdelo0
lw|1 Dv dq h{dpsoh ri mxvw lghqwli|lqj uhvwulfwlrqv/ frqvlghu wkh iroorzlqj ghvljq
pdwul{ ’ ’ dqo zkhuh q lv d +o o qrqvlqjxodu pdwul{ ghqhg e| q
 ’ dqc q2o
Lq wklv fdvh kq ’ kEqq
3
 q
 ’ kdUc hqo zkhuh U lv wkh +o  o xqlw pdwul{ dqghq ’ q3 q2 lv d Eo  R  o ixoo udqn pdwul{1 Wkhvh mxvw0lghqwli|lqj uhvwulfwlrqv
kdyh wudqviruphg q wr wkh orqj0uxq uhgxfhg irup1 Ehfdxvh mxvw0lghqwli|lqj uh0
vwulfwlrqv gr qrw fkdqjh wkh olnholkrrg ixqfwlrq/ qr whvwv duh lqyroyhg1 Lq jhqhudo
mxvw lghqwlfdwlrq fdq eh dfklhyhg e| lpsrvlqj rqh qrupdol}dwlrq dqg Eo  
uhvwulfwlrqv rq hdfk q Dgglwlrqdo uhvwulfwlrqv duh ryhulghqwli|lqj dqg/ wkhuhiruh/
whvwdeoh1 Vhh Mrkdqvhq +4<<8e, dqg Mrkdqvhq dqg Mxvholxv +4<<5 dqg 4<<7, iru d
pruh ghwdlohg wuhdwphqw1
Frqvlvwhqw zlwk wkh glvfxvvlrq lq vhfwlrq 7/ L zloo dvvxph wkuhh frlqwhjudwlqj
uhodwlrqv lq wkh prqh| pdunhw h{dpsoh dqg/ khqfh/ wzr dxwrqrprxv frpprq
wuhqgv/ P dqg P21 Dvvxplqj qrplqdo dqg uhdo vhsdudwlrq ri wkh orqj0uxq
vwuxfwxuh dv lq +7144, zh zrxog h{shfw wkh iroorzlqj k|srwkhwlfdo frlqwhjudwlqj
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uhodwlrqv=
 +6 R +  UEfc
 +-K  -6  UEfc
 +-K {R  UEf
Hdfk lpsrvhv wzr ryhulghqwli|lqj uhvwulfwlrqv rq wkh frlqwhjudwlqj vsdfh/ l1h1
d wrwdo ri vl{ whvwdeoh uhvwulfwlrqv1 Dv looxvwudwhg ehorz wkh| frpsohwho| ghwhuplqh
wkh frlqwhjudwlrq vsdfh=
q | ’
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Li/ krzhyhu/ wkhuh duh shupdqhqw +dw ohdvw ryhu wkh exvlqhvv f|foh krul}rq, lqwhu0
dfwlrq hhfwv ehwzhhq wkh qrplqdo dqg wkh uhdo vlgh ri wkh hfrqrp| rqh zrxog
h{shfw wkh deryh uhodwlrqv wr eh UE=
 +6 R +  UE
 +-K -6  UE
 +-K {R  UE
Vhfwlrq 7 ghprqvwudwhg wkdw zkhq uhdo prqh| vwrfn dqg uhdo lqfrph duh qrw
frlqwhjudwlqj/ wkhq rqh ri wkhp/ ru erwk/ pxvw eh dhfwhg e| wkh vwrfkdvwlf qrp0
lqdo wuhqg1 Vlploduo|/ zkhq wkh wzr lqwhuhvw udwhv duh qrw frlqwhjudwlqj/ wkhq dw
ohdvw rqh ri wkh lqwhuhvw udwhv pxvw eh dhfwhg e| wkh wzr vwrfkdvwlf wuhqgv1 Wklv
pljkw vxjjhvw pdunhw uljlglwlhv ru lpshuihfwlrqv/ dv wkh iroorzlqj h{dpsoh looxv0
wudwhv1 Dvvxph wkdw -K  {R  UEfc exw -6  {R  UE Pruhryhu/ dvvxph
wkdw wkh erqg udwh lv dhfwhg rqo| e| wkh vwrfkdvwlf lq dwlrq wuhqg/ P/ exw
wkdw wkh vkruw0whup udwh lv dhfwhg e| wkh lq dwlrq wuhqg/ Pc dv zhoo dv wkh
orqj exvlqhvv f|foh wuhqg/ P21 Lq wklv fdvh +-K-6  UE frxog eh frqvlvwhqw
zlwk dq hfrqrp| zkhuh wkh fhqwudo edqn ghwhuplqhv wkh vkruw udwh/ edvhg rq d
srolf| uxoh wkdw lqfoxghv h{fhvv lq dwlrq dv zhoo dv h{fhvv djjuhjdwh ghpdqg/ l1h1
-r ’ sE{R  Z
Wc +  q|c zkhuh ZW lv d {hg wdujhw udwh/ exw wkh erqg udwh lv
ghwhuplqhg e| -K ’ sE{R
Wkh iroorzlqj frlqwhjudwlrq uhodwlrqv pljkw vxjjhvw wkh suhvhqfh ri orqj odvwlqj
uhdo dqg qrplqdo lqwhudfwlrq hhfwv lq wkh prqh| pdunhw=
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 ~+6 R + n q+-K  -6j  UEf
 ~-6 -K  q2{Rj  UEf
 ++  q{R qe|  UEf
Zlwk vrph plqru prglfdwlrqv/ wkh vwdwlrqdulw| ri wkh deryh uhodwlrqv kdv
irxqg vxusulvlqjo| vwurqj hpslulfdo vxssruw lq pdq| hpslulfdo dssolfdwlrqv1 Vhh
iru h{dpsoh Mxvholxv +4<<;d/ 4<<;e,/ Jhqqdul dqg Mxvholxv +4<<;,/ dqg Mxvholxv dqg
Wrur +4<<;,/ doo ri wkhp dqdo|}lqj Hxurshdq prqh| pdunhwv edvhg rq wzr ghfdghv
ri txduwhuo| gdwd iru Jhupdq|/ Ghqpdun/ Lwdo| dqg Vsdlq1 Wkh vwdwlrqdulw| ri
wkh uvw uhodwlrq zdv looxvwudwhg lq Vhfwlrq 7/ Iljxuh 715/ zkhuh yhorflw| dqg wkh
lqwhuhvw udwh vsuhdg zhuh vkrzq wr frqwdlq wkh vdph vwrfkdvwlf wuhqg/ vr wkdw wkh
olqhdu frpelqdwlrq/ +6R+|eE-6-K|c ehfdph d vwdwlrqdu| vwhdg|0vwdwh
uhodwlrq1
Wkh deryh h{dpsohv kdyh vkrzq wkdw d prqh| ghpdqg uhodwlrq ri wkh w|sh
glvfxvvhg lq Urphu +4<<9, fdq eh irxqg hpslulfdoo| hlwkhu dv d olqhdu frpelqdwlrq
ri wzr vwdwlrqdu| frlqwhjudwlrq uhodwlrqv +6  R  +| dqg E-6  -K|c ru dv d
frlqwhjudwlrq uhodwlrq ehwzhhq wzr qrqvwdwlrqdu| surfhvvhv/ +6R+|K2E-6
-K| Wkh lpsolfdwlrqv ri hlwkhu fdvh iru wkh hhfwlyhqhvv ri prqhwdu| srolf| pd|/
krzhyhu/ eh txlwh glhuhqw1
Iru wklv uhdvrq/ frlqwhjudwlrq surshuwlhv fdq surylgh xvhixo lqirupdwlrq derxw
wkh uhodwlrqvkls ehwzhhq/ vd|/ d srolf| lqvwuxphqw yduldeoh dqg d wdujhw ru d jrdo
yduldeoh1 Wkhvh uhodwlrqvklsv duh txlwh olnho| wr fkdqjh dv wkh hfrqrp| ehfrphv
ghuhjxodwhg/ wkhuhe| doorzlqj pdunhw irufhv wr ehfrph pruh hhfwlyh1 Wkhuhiruh/
fkdqjhv lq frlqwhjudwlrq surshuwlhv fdq frqwdlq ydoxdeoh lqirupdwlrq derxw wkh
frqvhtxhqfhv ri vkliwlqj iurp rqh uhjlph wr dqrwkhu1 Vhh iru lqvwdqfh Mxvholxv
+4<<;d,1
;1 Uhvwulfwlrqv rq wkh frpprq wuhqgv
Dv glvfxvvhg lq Vhfwlrq 8/ iru hdfk k dqg q ghvfulelqj orqj0uxq uhodwlrqv lq wkh
gdwd dqg wkh dgmxvwphqw wrzdugv wkhp/ wkhuh lv d gxdo uhsuhvhqwdwlrq lq whupv ri
kz dqg qz wkdw ghvfulehv wkh frpprq wuhqgv dqg wkhlu ordglqjv1 Wkh R ER o
pdwul{ kz ghvfulelqj wkh frpprq vwrfkdvwlf wuhqgv/ k

z
P0c lv ryhusdudphwul}hg lq
wkh vhqvh wkdw lw lv srvvleoh wr lpsrvh rqh qrupdol}dwlrq dqg ERo uhvwulfwlrqv
rq hdfk kzc zlwkrxw fkdqjlqj wkh olnholkrrg ixqfwlrq1 Dgglwlrqdo uhvwulfwlrqv duh
ryhulghqwli|lqj dqg/ khqfh/ whvwdeoh1
Wkhuh duh hvvhqwldoo| wzr lghqwlfdwlrq sureohpv lq wkh frpprq vwrfkdvwlf
wuhqgv fdvh= wkh uvw lv krz wr lpsrvh uhvwulfwlrqv rq wkh uhvlgxdov 	0|( wkh vhfrqg
5:
lv krz wr lpsrvh uhvwulfwlrqv rq wkh frh!flhqwv ri kz Wkh uvw lghqwlfdwlrq
sureohp dulvhv ehfdxvh wkh T - uhvlgxdov duh qrw lqyduldqw wr olqhdu wudqvirupd0
wlrqv1 Wklv fdq eh looxvwudwhg e| suh0pxowlso|lqj +818, zlwk wkh qrqvlqjxodu ERR
pdwul{ f G
f{ | ’ fK{ |3 nfkq

 |3 nf>nf0|c +;14,
ru htxlydohqwo|=
f{ | ’ { |3 n @q

 |3 n >@ n |c +;15,
|  REfcl
zkhuh  ’ fKc @ ’ fkc >@ ’ f>c dqg | ’ f0|
Ehfdxvh glhuhqw fkrlfhv ri f ohdg wr glhuhqw hvwlpdwhv ri wkh uhvlgxdov/
wkh txhvwlrq ri krz wr ghqh d vkrfn lv lpsruwdqw1 Wkh wkhruhwlfdo frqfhsw ri
d vkrfn/ dqg lwv ghfrpsrvlwlrq lqwr dq dqwlflsdwhg dqg xqdqwlflsdwhg sduw/ kdv
d vwudljkwiruzdug fruuhvsrqghqfh lq wkh T - prgho dv d fkdqjh ri d yduldeoh/
{ |c dqg lwv ghfrpsrvlwlrq lqwr lwv h{sodlqhg sduw/ wkh frqglwlrqdo h{shfwdwlrq
.|3i{ | m j|3jc dqg lwv xqh{sodlqhg sduw/ wkh uhvlgxdo 0|1 Wkh uhtxluhphqw
iru 0| wr eh d fruuhfw phdvxuh ri dq xqdqwlflsdwhg vkrfn lv wkdw wkh frqglwlrqdo
h{shfwdwlrq .|3i{ | m  |3j fruuhfwo| ghvfulehv krz djhqwv irup wkhlu h{shfwd0
wlrqv1 Iru h{dpsoh/ li djhqwv xvh prgho edvhg udwlrqdo h{shfwdwlrqv iurp d prgho
wkdw lv glhuhqw iurp wkh T - prgho/ wkhq wkh frqglwlrqdo h{shfwdwlrq zrxog qr
orqjhu eh dq dghtxdwh ghvfulswlrq ri wkh dqwlflsdwhg sduw1
Wkhrulhv dovr uhtxluh vkrfnv wr eh vwuxfwxudo/ xvxdoo| lpso|lqj wkdw wkh|
duh/ lq vrph vhqvh/ remhfwlyh/ phdqlqjixo/ ru devroxwh1 Zlwk wkh uhvhuydwlrq wkdw
wkh zrug vwuxfwxudo kdv ehhq xvhg wr fryhu d zlgh ydulhw| ri phdqlqjv/ L zloo khuh
dvvxph wkdw lw ghvfulehv d vlwxdwlrq zkhq wkh hhfw ri d vkrfn lv +4, xqdqwlflsdwhg
+qryhow|,/ +5, xqltxh +d vkrfn klwwlqj prqh| vwrfn dorqh,/ dqg +6, lqyduldqw +qr
dgglwlrqdo h{sodqdwlrq e| lqfuhdvlqj wkh lqirupdwlrq vhw,1
Dv glvfxvvhg deryh wkh dujxphqw iru d vkrfn wr eh qryho uholhv rq wkh fuhglelolw|
ri wkh h{shfwdwlrqv irupdwlrq/ l1h1 zkhwkhu 0| ’ { | .|3i{ | m }Ej|3j lv d
fruuhfw phdvxuh ri wkh xqdqwlflsdwhg fkdqjh lq % Wkh xqltxhqhvv fdq eh dfklhyhg
hfrqrphwulfdoo| e| fkrrvlqj f vxfk wkdw wkh fryduldqfh pdwul{ P ehfrphv gl0
djrqdo dqg/ dv zloo eh ghprqvwudwhg ehorz/ e| dssursuldwho| uhvwulfwlqj kz Iru
hpslulfdo dssolfdwlrqv vhh Phoodqghu/ Yuhglq dqg Zduqh +4<<5, dqg Kdqvhq dqg
Zduqh +4<<8,1 Exw zkhwkhu wkh uhvxowlqj hvwlpdwh ri 0| fdq eh lqwhusuhwhg dv
5;
hfrqrplfdoo| qryho dqg xqltxh/ ghshqgv fuxfldoo| rq wkh sodxvlelolw| ri wkh xqghu0
o|lqj dvvxpswlrqv1 Vrph ri wkhp fdqqrw eh fkhfnhg djdlqvw wkh gdwd/ iru h{dpsoh
wkh gldjrqdolw| ri Pc dqg glhuhqw vfkrrov zloo fodlp vwuxfwxudolw| iru glhuhqwo|
ghulyhg hvwlpdwhv1
Wkh uhtxluhphqw wkdw d vwuxfwxudo vkrfn pxvw qrw fkdqjh zkhq lqfuhdvlqj wkh
lqirupdwlrq vhw/ lv suredeo| wkh prvw fuxfldo iurp dq hpslulfdo srlqw ri ylhz1
Wkhruhwlfdo prghov/ edvhg rq zklfk vwuxfwxudo xqltxhqhvv lv fodlphg/ duh dozd|v
edvhg rq pdq| vlpsoli|lqj dvvxpswlrqv lqfoxvlyh wkh fhwhulv sdulexv dvvxpswlrq1
Lq hpslulfdo prghov wkh fhwhulv sdulexv dvvxpswlrq fdq rqo| eh phw e| frqgl0
wlrqlqj rq rplwwhg wkhru| lqirupdwlrq1 Vlqfh prvw +doo, pdfurhfrqrplf v|vwhpv
duh vwrfkdvwlf dqg kljko| lqwhughshqghqw/ wkh lqfoxvlrq ri dgglwlrqdo yduldeohv lq
wkh prgho lv olnho| wr fkdqjh wkh hvwlpdwhg vkrfnv1 Vhh dovr wkh glvfxvvlrq lq
Ohywfkhqnryd/ Sdjdq/ dqg Urehuwvrq +4<<;,1
Dowkrxjk ghulyhg iurp vrsklvwlfdwhg wkhruhwlfdo prghov/ vwuxfwxudo lqwhusuhwdelo0
lw| ri hvwlpdwhg vkrfnv vhhpv kdug wr mxvwli|1 Lq p| ylhz/ d vwuxfwxudo vkrfn lv d
wkhruhwlfdo frqfhsw zlwk olwwoh hpslulfdo frqwhqw lq pdfur0hfrqrphwulf prghoolqj1
Wklv grhv qrw lpso| wkdw hpslulfdo dqdo|vhv ri frpprq wuhqgv edvhg rq wkh hvwl0
pdwhg uhvlgxdov 	0| iurp +818, ru 	| iurp +;14, dqg uhvwulfwhg yhuvlrqv ri wkhp duh
xqlqwhuhvwlqj1 Idu iurp xvhohvv wkh| fdq surylgh ydoxdeoh lqvljkw frqfhuqlqj wkh
gulylqj irufhv zlwklq wkh vshflf v|vwhp xqghu dqdo|vlv1
Dv ghprqvwudwhg e| +81:, d vwudljkwiruzdug hvwlpdwh ri wkh xquhvwulfwhg R 
o frpprq vwrfkdvwlf wuhqgv lv jlyhq e| k
z
P0 Iru h{dpsoh/ wkh xquhvwulfwhg
frpprq wuhqgv lq wkh prqh| pdunhw h{dpsoh zrxog eh=
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 ’ k
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Wkh| duh ryhulghqwlhg lq wkh vhqvh wkdw rqh fdq lpsrvh +R  o   uhvwulfwlrqv
dqg d qrupdol}dwlrq rq hdfk yhfwru zlwkrxw fkdqjlqj wkh olnholkrrg ixqfwlrq1 Mxvw
lghqwlfdwlrq fdq eh dfklhyhg e| lpsrvlqj rqh }hur uhvwulfwlrq rq hdfk yhfwru/ iru
h{dpsoh/ e| dvvxplqj wkdw uhdo vkrfnv gr qrw lq xhqfh wkh qrplqdo vwrfkdvwlf
wuhqg/ dqg wkdw prqh| vkrfnv kdyh qr lq xhqfh rq wkh uhdo vwrfkdvwlf wuhqg=
Ph ’ PsE06c fc 0{Rc 0-Kc 0-6 ’ hkzP|'	0c
Ph2 ’ PsEfc 0+c 0{Rc 0-Kc 0-6 ’ hkz2P|'	0
5<
Wkh ryhulghqwli|lqj dvvxpswlrq wkdw wkh qrplqdo vwrfkdvwlf wuhqg ghulyhv vroho|
iurp vkrfnv wr prqh| vwrfn dqg wkh uhdo vwrfkdvwlf wuhqg ghulyhv iurp vkrfnv wr
uhdo lqfrph lv h{suhvvhg dv=
hh| ’ sE06c fc fc fc fhh2| ’ sEfc 0+c fc fc f
Wklv k|srwkhvlv lpsrvhv wkuhh ryhulghqwli|lqj uhvwulfwlrqv rq hdfk yhfwru ri kzc l1h1
dowrjhwkhu vl{ whvwdeoh uhvwulfwlrqv1
<1 Uhvwulfwlrqv rq wkh vkruw0uxq sdudphwhuv
Irupxodwlrq +;15, vkrzhg wkdw wkh fkrlfh ri wudqvirupdwlrq pdwul{ f grhv qrw
dhfw wkh vshflfdwlrq ri wkh orqj0uxq sdudphwhuv q Khqfh/ rqh fdq lpsrvh lghq0
wli|lqj uhvwulfwlrqv rq wkh orqj0uxq dqg vkruw0uxq sdudphwhuv lq wzr vwhsv1 L zloo/
wkhuhiruh/ dvvxph wkdw wkh q yhfwruv kdyh ehhq ixoo| lghqwlhg lq wkh uvw vwhs ri
wkh lghqwlfdwlrq vfkhph1 Wkh glvfxvvlrq ri krz wr lpsrvh lghqwli|lqj uhvwulfwlrqv
rq wkh vkruw0uxq sdudphwhuv ri +;15, zloo eh edvhg rq d jlyhq lghqwlhg q ’ hqc l1h1
iru=
f{ | ’ { |3 n @hq |3 n >@ n |
|  REfcl 
+<14,
Wkh xquhvwulfwhg vhw ri sdudphwhuv +fc c @c >@cl lv qrw xqltxho| ghwhuplqhg
lq wkh vhqvh wkdw rqh fdq lpsrvh ER   uhvwulfwlrqv dqg rqh qrupdol}dwlrq rq
hdfk htxdwlrq/ zlwkrxw fkdqjlqj wkh olnholkrrg ixqfwlrq1 Dgglwlrqdo uhvwulfwlrqv
duh ryhulghqwli|lqj dqg/ khqfh/ whvwdeoh +vhh Mrkdqvhq dqg Mxvholxv/ 4<<7,1 Xvhu
iulhqgo| frpsxwhu surjudpv duh uhdglo| dydlodeoh iru hpslulfdo dssolfdwlrq ri wkh
whvwv/ iru h{dpsoh wkh srzhuixo whvw surfhgxuhv lq SfIlpo +Grruqln dqg Khqgu|/
4<<;,1
Wkh T - prgho lv xvxdoo| khdylo| ryhusdudphwul}hg1 Wklv lv sduwlfxoduo| vr
iru wkh vkruw0uxq sdudphwhuv1 E| lpsrvlqj }hur uhvwulfwlrqv/ rwkhu olqhdu uhvwulf0
wlrqv/ dqg qrqolqhdu +iru h{dpsoh v|pphwu|, uhvwulfwlrqv/ wkh qxpehu ri prgho
sdudphwhuv fdq eh vxevwdqwldoo| uhgxfhg1 Wkh lghqwlfdwlrq sureohp lv hvvhqwldoo|
derxw krz wr vdwlvi| +l, pdwkhpdwlfdo xqltxhqhvv/ +ll, vwdwlvwlfdo vljqlfdqfh/ dqg
+lll, hfrqrplf lqwhusuhwdelolw|1 Lq Mrkdqvhq dqg Mxvholxv +4<<7, wkhvh wkuhh vwdjhv
duh fdoohg jhqhulf/ hpslulfdo/ dqg hfrqrplf lghqwlfdwlrq1
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Pdwkhpdwlfdo xqltxhqhvv lv uhodwhg wr vxfk uhvwulfwlrqv rq +<14, wkdw jlyh d
xqltxh pdsslqj ehwzhhq +818, dqg +<14,1 Vwdwlvwlfdo vljqlfdqfh lv lpsruwdqw iru
wzr uhdvrqv> +l, wkh frh!flhqwv ri rxu hpslulfdo prgho vkrxog suhihudeo| ghvfuleh
uhohydqw dvshfwv ri wkh lqyhvwljdwhg hfrqrplf v|vwhp/ +ll, ohdylqj lqvljqlfdqw fr0
h!flhqwv lq wkh prgho lv olnho| wr lqwurgxfh qhdu vlqjxodulw| lq wkh prgho1 Wklv
lv sduwlfxoduo| vr li wkh lqvljqlfdqw frh!flhqwv ylrodwh pdwkhpdwlfdo xqltxhqhvv
zkhq uhvwulfwhg wr }hur1 Wkh hfrqrplf lqwhusuhwdelolw| lv ghqlwho| wkh prvw gl!0
fxow dqg ghpdqglqj uhtxluhphqw ri wkh lghqwlfdwlrq surfhvv dqg zkhuh frrshud0
wlrq ehwzhhq hpslulfdo dqg wkhruhwlfdo hfrqrplvwv lv olnho| wr eh prvw uhzduglqj1
Lw dsshduv iurp +<14, wkdw wkh T - prgho ghvfulehv wkh dqwlflsdwhg sduw ri d
fkdqjh iurp |  wr | lq prqh|/ lqfrph/ lq dwlrq dqg lqwhuhvw udwhv e|=
 fxuuhqw +dqwlflsdwhg, fkdqjhv lq wkh v|vwhp yduldeohv/
 vkruw0uxq dgmxvwphqw wr wkh odjjhg fkdqjhv ri wkh v|vwhp yduldeohv +whpsr0
udu| g|qdplf hhfwv,/
 vkruw0uxq dgmxvwphqw wr orqj0uxq vwhdg|0vwdwhv +wkh frlqwhjudwlqj uhodwlrqv,1
Wkh uhsuhvhqwdwlrq +<14, doorzv iru wkh srvvlelolw| wkdw djhqwv uhdfw glhuhqwo|
rq +l, glvhtxloleulxp ehwzhhq ohyhov ri yduldeohv/ +ll, odjjhg fkdqjhv lq wkh ghwhu0
plqdqwv/ dqg +lll, qrplqdo dffhohudwlrq udwhv1 Wklv yhu| ulfk hpslulfdo vwuxfwxuh
doorzv xv wr dvn uhohydqw hfrqrplf txhvwlrqv zlwklq d iudphzrun wkdw plplfv
wkh dfwxdo ehkdylru lq hfrqrplf v|vwhpv/ vxfk dv g|qdplf dgmxvwphqw wrzdugv
orqj0uxq dqg phglxp0uxq vwhdg|0vwdwhv/ vwurqj lqwhudfwlrq hhfwv/ hwf1
L zloo hqg wkh glvfxvvlrq e| uvw ghprqvwudwlqj krz wkh ruljlqdo txhvwlrq ri
d prqh|0ghpdqg uhodwlrq udlvhg e| Urphu +4<<9, fdq eh dgguhvvhg zlwklq wkh
T - prgho1 L zloo wkhq looxvwudwh vrph h{whqvlrqv ri wkh dqdo|vlv uhodwhg wr wkh
hhfwlyhqhvv ri prqhwdu| srolf|1 Lq grlqj vr L zloo vlpsoli| +<14, e| dvvxplqj
wkdw f lv orzhu wuldqjxodu/ l lv gldjrqdo/ dqg  ’ f Jhqhudol}dwlrq wr pruh
frpsolfdwhg vshflfdwlrqv vkrxog eh vwudljkwiruzdug1 D ghwdlohg vshflfdwlrq ri
wkh prgho lv jlyhq ehorz=59999997
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zkhuh wkh frlqwhjudwlrq uhodwlrqv duh jlyhq e| wkh uvw vhw ri lghqwlhg uhodwlrqv
glvfxvvhg lq Vhfwlrq :1 Zlwklq wklv iudphzrun L zloo dgguhvv wkuhh txhvwlrqv
uhodwhg wr wkh hhfwlyhqhvv ri prqhwdu| srolf|1 Wr vlpsoli| wkh glvfxvvlrq L kdyh
fkrvhq wr irfxv vroho| rq wkh prqh| dqg lq dwlrq htxdwlrqv/ doehlw ehlqj dzduh
wkdw d frpsohwh dqvzhu vkrxog eh edvhg rq dq dqdo|vlv ri wkh ixoo v|vwhp1
{6o| ’ @2{
2R| n @{+| n @e{-6| n @D{-K|n
kE6 R +|3 n k2E-K -6|3 n kE-K {R|3 n 06|
{+| ’ 
{2R| ’ @{+| n e{-6| n D{-K|n
kE6 R +|3 n k2E-K -6|3 n kE-K {R|3 n 0R|
{-6| ’ 
{-K| ’ 
Txhvwlrq 41 Lv prqh| vwrfn dgmxvwlqj wr prqh| ghpdqg ru vxsso|B
Li k 	 fc k2 	 fcdqg k ’ fc wkhq hpslulfdo hylghqfh lv lq idyru ri prqh|
kroglqjv dgmxvwlqj wr d orqj0uxq prqh| ghpdqg uhodwlrq1 Wkh odwwhu fdq eh ghulyhg
iurp wkh prqh| vwrfn htxdwlrq dv iroorzv=
E6 R ’ + n k2*kE-K  -6
’ + n qE-K -6
+<16,
Uhodwlrq +<16, fruuhvsrqgv wr wkh djjuhjdwh ghpdqg0iru0prqh| uhodwlrq glvfxvvhg
lq d vwdwlf htxloleulxp iudphzrun e| Urphu/ zlwk wkh glhuhqfh wkdw +<16, lv
lpehgghg lq d g|qdplf iudphzrun1
Li k 	 fc k2 ’ fcdqg k ’ fc hpslulfdo hylghqfh lv lq idyru ri prqh|
kroglqjv dgmxvwlqj wr prqh| vxsso|1 Wklv frxog eh frqvlvwhqw zlwk d vlwxdwlrq
zkhuh fhqwudo edqnv duh deoh wr hhfwlyho| frqwuro prqh| vwrfn dqg wkh prqhwdu|
srolf| frqwuro uxoh lv wr nhhs yhorflw| durxqg d frqvwdqw ohyho1
Txhvwlrq 51 Lv dq hpslulfdoo| vwdeoh prqh| ghpdqg uhodwlrq d suhuhtxlvlwh iru
fhqwudo edqnv wr eh deoh wr frqwuro lq dwlrq udwhB Wklv k|srwkhvlv lv edvhg rq
hvvhqwldoo| wkuhh dujxphqwv=
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514 Wkhuh h{lvwv dq hpslulfdoo| vwdeoh ghpdqg iru prqh| uhodwlrq1
5151 Fhqwudo edqnv fdq lq xhqfh wkh ghpdqghg txdqwlw| ri prqh|1
5161 Ghyldwlrqv iurp wklv uhodwlrq fdxvh lq dwlrq1
Iluvw/ wkh hpslulfdo uhtxluhphqw iru d vwdeoh prqh| ghpdqg uhodwlrq lv wkdw
~k 	 fc k2 	 fcdqg k ’ fjc dqg wkdw wkh hvwlpdwhv duh hpslulfdoo| vwdeoh1 Lq
wklv fdvh prqh| vwrfn lv hqgrjhqrxvo| ghwhuplqhg e| djhqwv* ghpdqg iru prqh|
dqg lw lv qrw reylrxv wkdw prqh| vwrfn fdq eh xvhg dv d prqhwdu| lqvwuxphqw e|
wkh fhqwudo edqn1
Vhfrqg/ jlyhq wkh suhylrxv uhvxow +l1h1 k 	 fc k2 	 fcdqg k ’ fc fhqwudo
edqnv fdqqrw gluhfwo| frqwuro prqh| vwrfn1 Qhyhuwkhohvv/ frqwuroolqj prqh| vwrfn
lqgluhfwo| pljkw vwloo eh srvvleoh e| fkdqjlqj wkh vkruw0whup lqwhuhvw udwh1 Exw
k2 	 f dqg +-K  -6  UEf lpsolhv wkdw d fkdqjh lq wkh vkruw0whup lqwhuhvw
udwh zloo wudqvplw wkurxjk wkh v|vwhp lq d zd| wkdw ohdyhv wkh vsuhdg edvlfdoo|
xqfkdqjhg1 Wkhuhiruh/ li wkh gdwd kdyh wkh surshuw| ri +7144, lw vhhpv gl!fxow wr
mxvwli| d fodlp wkdw fhqwudo edqnv fdq hhfwlyho| frqwuro prqh| vwrfn1
Wklug/ li ghyldwlrqv iurp d vwdeoh prqh| ghpdqg uhodwlrq gr fdxvh lq dwlrq +lq
wkh vkruw0uxq,/ wkhq wkh iroorzlqj frqglwlrq vkrxog eh vdwlvhg= ~k : fc k2 :
fcdqg k ’ fj Jlyhq wkh dvvxpswlrq wkdw djhqwv fdq vdwlvi| wkhlu ghvluhg ohyho
ri prqh|/ lw grhv qrw vhhp sodxvleoh wkdw djhqwv zrxog gholehudwho| fkrrvh wr
krog h{fhvv prqh| +qhjdwlyh ru srvlwlyh,1 Lq wklv fdvh h{fhvv prqh| zrxog ohdg wr
lq dwlrq rqo| li fhqwudo edqnv lqvlvw rq vxsso|lqj pruh prqh| wkdq wkdw ghpdqghg
+zklfk vhhpv wr eh wkh rssrvlwh ri lq dwlrq frqwuro,1 Wkhuhiruh/ wkh iuhtxhqwo|
xvhg dvvxpswlrq wkdw dq hpslulfdoo| vwdeoh ghpdqg iru prqh| uhodwlrq lv qhhghg
iru fhqwudo edqnv wr eh deoh wr frqwuro lq dwlrq vhhpv orjlfdoo|  dzhg1
Txhvwlrq 6 1 Lv prqh| fdxvlqj sulfhv ru sulfhv fdxvlqj prqh|B
Zkhq glvfxvvlqj wklv txhvwlrq rqh kdv wr glvwlqjxlvk ehwzhhq wkh fdvh zkhq
prqh| vwrfn lv +4, ghpdqg ghwhuplqhg ru +5, vxsso| ghwhuplqhg1 Li prqh| vwrfn
lv ghpdqg ghwhuplqhg wkhq wkh dujxphqwv deryh vxjjhvwv wkdw sulfhv duh fdxvlqj
prqh|1 Li prqh| vwrfn lv vxsso| ghwhuplqhg dqg fhqwudo edqnv fdq hhfwlyho|
frqwuro prqh| vwrfn/ iru h{dpsoh e| nhhslqj prqh| yhorflw| dw d vwdwlrqdu| ohyho/
wkhq ~k 	 fc k2 ’ fcdqg k ’ fj vkrxog eh wkh fdvh1 Li lq dwlrq lv lqfuhdvlqj lq
wkh vkruw uxq zlwk h{fhvv prqh| vxsso|/ wkhq zh zrxog h{shfw ~k : fc k2c k ’
fj Lq wklv fdvh sulfhv duh dgmxvwlqj lq wkh vkruw uxq wr wkh ohyho ri qrplqdo prqh|
vwrfn1 Wkh txhvwlrq zkhwkhu sulfhv fdxvh prqh| ru prqh| fdxvh sulfhv lq wkh
orqj uxq kdv wr eh dqvzhuhg edvhg rq wkh hvwlpdwhv ri wkh orqj0uxq lpsdfw ri d
vkrfn lq prqh| vwrfn rq sulfhv/ dv frpsduhg wr wkh lpsdfw ri d vkrfn lq sulfhv
rq prqh| vwrfn1
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Wkhuhiruh/ wkh txhvwlrq zkhwkhu prqh| fdxvhv sulfhv ru sulfhv fdxvh prqh|
hpslulfdoo| lv d gl!fxow dqg lqwulfdwh hfrqrphwulf txhvwlrq1 Wklv lv lq vwulnlqj
frqwudvw wr wkh vlpsolvwlf dujxphqw ehklqg wkh lqyhuwhg prqh| ghpdqg uhodwlrq
lq Urphu +4<<9,1
431 Frqfoxvlrqv
Wkh prwlydwlrq iru zulwlqj wklv sdshu zdv wr srlqw rxw wkh qhhg iru uhvhdufk sur0
judpv lq pdfurhfrqrplfv wkdw plplfv wkdw ri wkh suhvhqw vwdwh ri uhvhdufk lq
pdfur0hfrqrphwulfv/ lq wkh vhqvh ri ghyhorslqj wkhruhwlfdo prghov ri wkh pdfurh0
frqrp| wkdw uhsolfdwhv wkh edvlf ihdwxuhv ri pdfurhfrqrplf gdwd/ vxfk dv=
 vwrfkdvwlf yduldeohv dqg uhodwlrqv/
 vwurqjo| wlph ghshqghqw gdwd/
 frlqwhjudwlrq dqg lqwhjudwlrq surshuwlhv/
 vkruw0uxq dgmxvwphqw wrzdug orqj0uxq g|qdplf ru vwdwlf vwhdg|0vwdwhv/
 vkruw0uxq dqg orqj0uxq ihhgedfn hhfwv1
L kdyh wulhg wr looxvwudwh wkh srwhqwldo xvhixoqhvv ri wkh frlqwhjudwhg T - prgho
wr dgguhvv lpsruwdqw pdfurhfrqrplf txhvwlrqv1 P| sxusrvh kdv ehhq wr ghprq0
vwudwh wkdw zlwklq wklv iudphzrun=
 frqyhqwlrqdo pdfurhfrqrplf txhvwlrqv fdq eh h!flhqwo| dgguhvvhg/
 d odujh qxpehu ri dgglwlrqdo txhvwlrqv fdq eh hpslulfdoo| lqyhvwljdwhg/
 qhz pdfurhfrqrplf k|srwkhvhv duh olnho| wr hphujh iru ixuwkhu wkhruhwlfdo
ghyhorsphqw1
L kdyh sulpdulo| dgguhvvhg txhvwlrqv uhodwhg wr wkh frlqwhjudwlrq surshuw| ri
wkh gdwd dqg wkh fruuhvsrqglqj g|qdplf dgmxvwphqw surfhvvhv/ wkhuhe| ghprq0
vwudwlqj wkh srwhqwldo xvhixoqhvv ri wkh T - prgho iru lqihuhqfh rq pdfurhfr0
qrplf wudqvplvvlrq phfkdqlvpv1 Exw d odujh qxpehu ri dgglwlrqdo txhvwlrqv
uhodwhg wr wkh dqdo|vlv ri vwdwlf dqg g|qdplf vwhdg|0vwdwhv/ vshhg ri dgmxvwphqw/
orqj0uxq dqg vkruw0uxq ihhg0edfn hhfwv/ zhdn/ vwurqj/ dqg vxshu h{rjhqhlw|/ guly0
lqj irufhv/ h{shfwdwlrqv irupdwlrq/ hwf1/ kdyh rqo| ehhq eulh | wrxfkhg xsrq1 Wkh
lqwhuhvwhg uhdghu lv uhihuuhg wr d odujh qxpehu ri sxeolvkhg sdshuv wkdw dgguhvv
wkhvh lvvxhv lq pruh ghwdlo1
Zlwk wkh deryh +dgplwwhgo| txlwh vlpsolvwlf, h{dpsohv L kdyh wulhg wr ghprq0
vwudwh wkdw fduhixo hpslulfdo dqdo|vhv edvhg rq wkh edvlf ihdwxuhv ri wkh frlqwh0
judwhg T - prgho fdq eh xvhixo iru dvnlqj uhohydqw pdfurhfrqrplf txhvwlrqv1
Wkh uhtxluhphqw wkdw doo hpslulfdo vwdwhphqwv kdyh wr eh frqvlvwhqw zlwk wkh lq0
irupdwlrq jlyhq e| wkh ixoo vwrfkdvwlf prgho/ vkrxog plqlpl}h wkh ulvn iru dg
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krffhu| uhvxowv1 Qhyhuwkhohvv/ gdwd gr sod| d grplqdqw uroh lq wklv dssurdfk dqg
wkh xowlpdwh whvwlqj ri qhz k|srwkhvhv vxjjhvwhg e| wkh hpslulfdo dqdo|vlv kdv wr
eh pdgh djdlqvw qhz gdwd1
441 Uhihuhqfhv
Grruqln/ M1D1 dqg Khqgu|/ G1I1 +4<<;,/ JlyhZlq1 Dq lqwhuidfh wr hpslulfdo
prghoolqj/ Wlpehuodnh Frqvxowdqwv1
Jloehuw/ F1O1 +4<;9,/ Surihvvru Khqgu|*v phwkrgrorj|/ R{irug Exoohwlq ri Hfr0
qrplfv dqg Vwdwlvwlfv/ 7;/ 5;6063:1 Uhsulqwhg lq Judqjhu +4<<3,1
Judqjhu/ F1Z1M1 +hg1, +4<<3,/ Prghoolqj hfrqrplf vhulhv/ R{irug Xqlyhuvlw|
Suhvv/ R{irug1
Kddyhopr/ W1 +4<<7,/ Wkh suredelolw| dssurdfk lq hfrqrphwulfv/ Hfrqrphwulfd
45 +vxsshphqw,/ 4044;1
Kdqvhq/ K1 dqg Zduqh/ D1 +4<<8,/ D frpprq wuhqgv dqdo|lv ri Gdqlvk xqhp0
sor|phqw/ Xqlyhuvlw| ri Frshqkdjhq/ Lqvwlwxwh ri Hfrqrplfv/ Zrunlqj sdshu Qr1
<80361
Khqgu|/ G1I1 +4<<8,/ G|qdplf Hfrqrphwulfv/ Rirug Xqlyhuvlw| Suhvv/ R{irug1
Khqgu|/ G1I1 dqg Hulfvvrq/ Q1U1 +4<<4,/ Dq hfrqrphwulf dqdo|vlv ri XNprqh|
ghpdqg lq Prqhwdu| wuhqgv lq wkh Xqlwhg Vwdwhv dqg wkh Xqlwhg Nlqjgrp e|
Plowrq Iulhgpdq dqg Dqqd M1 Vfkzduw}/ Dphulfdq Hfrqrplf Uhylhz/ ;4/ ;06;1
Khqgu|/ G1I1 dqg Pl}rq/ J1H1 +4<<6,/ Hydoxdwlqj hfrqrphwulf prghov e| hq0
frpsdvvlqj wkh YDU1 Lq Prghov/ Phwkrgv dqg Dssolfdwlrqv ri Hfrqrphwulfv/ hg1
Skloolsv/ S1F1/ Eodfnzhoo/ Edvlo1
Krpdq/ P1 +4<<<,/ Fxuuhqw dffrxqwv dqg wkh shuvlvwhqfh ri joredo dqg frxqwu|0
vshflf vkrfnv= Lv lqyhvwphqw uhdoo| wrr yrodwlohB/ Xqsxeolvkhg pdqxvfulsw/ Hx0
urshdq Xqlyhuvlw| Lqvwlwxwh1
Mrkdqvhq/ V1 +4<<4,/ Hvwlpdwlrq dqg k|srwkhvlv whvwlqj ri frlqwhjudwlrq yhfwruv
lq Jdxvvldq yhfwru dxwruhjuhvvlyh prghov/ Hfrqrphwulfd 8</ 4884048;41
Mrkdqvhq/ V1 +4<<8d,/ D vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq iru UE2 yduldeohv/
Hfrqrphwulf Wkhru| 44/ 5808<1
Mrkdqvhq/ V1 +4<<8e,/ Lghqwli|lqj uhvwulfwlrqv ri olqhdu htxdwlrqv= zlwk ds0
solfdwlrqv wr vlpxowdqhrxv htxdwlrqv dqg frlqwhjudwlrq/ Mrxuqdo ri Hfrqrphwulfv
9</ 4440651
Mrkdqvhq/ V1 +4<<8f,/ Olnholkrrg Edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dx0
wruhjuhvvlyh Prghov/ R{irug Xqlyhuvlw| Suhvv/ R{irug/ Qhz \run1
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Mrkdqvhq/ V1 +4<<;,/ D vpdoo vdpsoh fruuhfwlrq iru whvwv ri k|srwkhvhv rq wkh
frlqwhjudwlqj yhfwruv/ Vxeplwwhg wr Mrxuqdo ri Hfrqrphwulfv1
Mrkdqvhq/ V1 +4<<<,/ D Eduwohww fruuhfwlrq idfwru iru whvwv rq wkh frlqwhjudwlqj
uhodwlrqv/ Vxeplwwhg wr Hfrqrphwulf Wkhru|
Mrkdqvhq/ V1 dqg Mxvholxv/ N1 +4<<5,/ Whvwlqj vwuxfwxudo k|srwkhvhv lq d pxowl0
yduldwh frlqwhjudwlrq dqdo|vlv ri wkh  dqg wkh XLS iru XN/ Mrxuqdo ri Hfrqr0
phwulfv 86/ 54405771
Mrkdqvhq/ V1 dqg Mxvholxv/ N1 +4<<7,/ Lghqwlfdwlrq ri wkh orqj0uxq dqg wkh
vkruw0uxq vwuxfwxuh1 Dq dssolfdwlrq wr wkh LVOP prgho/ Mrxuqdo ri Hfrqrphw0
ulfv/ 96/ :0691
Mrkdqvhq/ V1 dqg Qlhovhq/ E1 +4<<6,/ Dv|psrwlfv iru frlqwhjudwlrq udqn whvwv
lq wkh suhvhqfh ri lqwhuyhqwlrq gxpplhv/ Pdqxdo iru wkh vlpxodwlrq surjudp
GlvFr/ Suhsulqw/ Xqlyhuvlw| ri Frshqkdjhq/ kwws=zzz1pdwk1nx1gn1
Mxvholxv/ N1 +4<<6,/ YDU prghov dqg Kddyhopr*v suredelolw| dssurdfk wr
pdfurhfrqrplf prghoolqj/ Hpslulfdo Hfrqrplfv 4;/ 8<809551
Mxvholxv/ N1 +4<<7,/ Rq wkh gxdolw| ehwzhhq orqj0uxq uhodwlrqv dqg frpprq
wuhqgv lq wkh UE dqg wkh UE2 fdvh1 Dq dssolfdwlrq wr djjuhjdwh prqh| kroglqjv/
Hfrqrphwulf Uhylhzv 46/ 48404:;1
Mxvholxv/ N1 +4<<5,/ Grphvwlf dqg iruhljq hhfwv rq sulfhv lq dq rshq hfrqrp|/
Wkh fdvh ri Ghqpdun/ Mrxuqdo ri Hfrqrplf Srolf| Prgholqj 47/ 734075;1
Mxvholxv/ N1 +4<<9,/ Dq hpslulfdo dqdo|vlv ri wkh fkdqjlqj uroh ri wkh Jhupdq
Exqghvedqn diwhu 4<;6 R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv 8;/ :<40;4<1
Mxvholxv/ N1 +4<<;d,/ Fkdqjlqj prqhwdu| wudqvplvvlrq phfkdqlvpv zlwklq wkh
HX/ Hpslulfdo Hfrqrplfv/ 56/ 78807;41
Mxvholxv/ N1 +4<<;e,/ D vwuxfwxuhg YDU xqghu fkdqjlqj prqhwdu| srolf|/ Mrxu0
qdo ri Exvlqhvv dqg Hfrqrplfv Vwdwlvwlfv1 49/ 73307451
Mxvholxv/ N1 dqg Jhqqdul/ H1 +4<<;,/ G|qdplf prghoolqj dqg vwuxfwxudo vkliw=
Prqhwdu| wudqvplvvlrq phfkdqlvpv lq Lwdo| ehiruh dqg diwhu HPV/ Vxeplwwhg wr
wkh Mrxuqdo ri Dssolhg Hfrqrphwulfv1
Mxvholxv/ N1 dqg Wrur/ M1 +4<<;,/ Wkh hfrqrphwulf dqdo|vlv ri prqh| ghpdqg
lq d shulrg ri udslg jurzwk1 Wkh fdvh ri Vsdlq1 Xqsxeolvkhg uhsruw dw wkh
Hxurshdq Xqlyhuvlw| Lqvwlwxwh1
Mßujhqvhq/ F1 +4<<;,/ D vlpxodwlrq vwxg| ri whvwv lq wkh frlqwhjudwhg YDU
prgho/ Xqsxeolvkhg uhsruw/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq1
Nlqj/ U1J1/ Sorvvhu/ F1L1/ Vwrfn/ M1K1 dqg Zdwvrq/ P1Z1 +4<<4,/ Vwrfkdvwlf
wuhqgv dqg hfrqrplf  xfwxdwlrqv/ Dphulfdq Hfrqrplf Uhylhz ;4/ ;4<0731
Ohywfkhqnryd/ V1 Sdjdq/ D1 dqg Urehuwvrq/ M1 +4<<;,/ Vkrfnlqj vwrulhv/ Mrxu0
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qdo ri Hfrqrplf Vxuyh|v/ 45/ 83:08651
Phoodqghu/ H1/ Yuhglq/ D1 dqg Zduqh/ D1 +4<<5,/ Vwrfkdvwlf wuhqgv dqg hfr0
qrplf  xfwxdwlrqv lq d vpdoo rshq hfrqrp|/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/
:/ 69<06<71
Sdjdq/ D1U1 +4<;:,/ Wkuhh hfrqrphwulf phwkrgrorjlhv= D fulwlfdo dssudlvdo/
Mrxuqdo ri Hfrqrplf Vxuyh|v/ 4/ 60571 Uhsulqwhg lq Judqjhu +4<<3,1
Sduxror/ S1 +4<<9,/ Rq wkh ghwhuplqdwlrq ri lqwhjudwlrq lqglfhv lq UE2 v|vwhpv/
Mrxuqdo ri Hfrqrphwulfv/ :5/ 64606891
Udkehn/ D1/ Nrqjvwhg/ K1 F1 dqg Mßujhqvhq +4<<<,/ Wuhqg0Vwdwlrqdulw| lq wkh
L+5, Frlqwhjudwlrq Prgho/ iruwkfrplqj lq Mrxuqdo ri Hfrqrphwulfv1
Uxelq/ M1 +4<<;,/ Rq wkh shupdqhqw0wudqvlwru| ghfrpsrvlwlrq lq wkh frlqwh0
judwg YDU/ Xqsxeolvkhg uhsruw/ Xqlyhuvlw| ri Frshqkdjhq1
Urphu/ G1 +4<<9,/ Dgydqfhg Pdfurhfrqrplfv/ PfJudz Kloo/ Qhz \run1
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